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I ' Abstract. Let D C C" be a smoothly bounded pseudoconvex Levi corank one domain with 

, defining function r, i.e., the Levi form ddr of the boundary dD has at least (n — 2) posi- 

. tive eigenvalues everywhere on dD. The main goal of this article is to obtain bounds for the 

Caratheodory, Kobayashi and the Bergman distance between a given pair of points p, g G D in 
, terms of parameters that reflect the Levi geometry of dD and the distance of these points to 

the boundary. Applications include an understanding of Fridman's invariant for the Kobayashi 
metric on Levi corank one domains, a description of the balls in the Kobayashi metric on such 
^\ , domains that are centered at points close to the boundary in terms of Euclidean data and the 

04 ' boundary behaviour of Kobayashi isometries from such domains. 

> 

^ ' 1. Introduction 

^ : _ 

. The efficacy and ubiquity of invariant metrics such as those of Bergman, Caratheodory and 

Kobayashi, whenever they are defined, is a fact that hardly needs to be justified. Each of 
these metrics has its own strengths and weaknesses. For example, while the Caratheodory and 
Kobayashi metrics are distance decreasing under holomorphic mappings, a property not enjoyed 
^ I by the Bergman metric in general, it makes up by being Hermitian whereas the Caratheodory and 

Q^ ■ Kobayashi metrics are only upper semicontinuous in general. For a bounded domain D C C", a 

\ point z G D and a tangent vector v G C", let Bd{z, v), Cd{z, v) and Kd{z, v) be the infinitesimal 

Bergman, Caratheodory and Kobayashi metrics on D. To recall their definition, let C C be 
the open disc of radius r > centered at the origin and this will be abbreviated as A when 
r = 1. Then 



m 
o 

cn; . Cd{z,v) = sup {\df{z)v\:fGO{D, A)}, 

• Kd{z,v) = inf {l/r : there exists / € ©(A.,.,!)) with /(O) = z and df{Q) = v], and 

• Bd{z,v) = hD{z,v) / {Kd{z,z)Y/'^ , where 



Kd{z,z) = sup { : / E 0{D), ||/||^.(^) < l} 



'jh . J^D\z,z) =^uv<^\jyz)\ : ^ t L/VJ^;, ||j ||^2(£,) 

■ 

is the Bergman kernel and 

hD{z, v) = SUV {\df {z)v\ : f (^0{D)J{z) = ^B.nd < l}. 

While no exact formulae for these metrics are known in general, part of their utility derives 
from an understanding of how they behave when z is close to the boundary dD. This is a 
much studied question and we may refer to [I], [2], [JT], [TT], [T2], [13], [25], [28], [29] and [37] 
which provide quantitative boundary estimates for these infinitesimal metrics on a wide variety 
of smoothly bounded pseudoconvex domains in C". Now given a pair of distinct points p,q €z D, 
we may compute the lengths of all possible piecewise smooth curves in D that join p and q using 
these infinitesimal metrics. The infimum of all such lengths gives a distance function on D - 
these integrated versions are the Bergman, the inner Caratheodory and the Kobayashi distances 
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on D and they will be denoted by d^j^{p, q), dfj^{p, q) and q) respectively for p,q ^ D. Recall 
that the Caratheodory distance dS^™ for D is defined by setting 

dg"™(p,g) =sup«(/(p),/(g)) : / G 0(Z),A)}, 

where dF^ denotes the Poincare distance on the unit disc. It is well-known that is always at 
least as big as d*^^"". In general, dg"^" need not coincide with the inner Caratheodory distance 
d^. Moreover, it is known from the work of Reiffen (pS]) that the integrated distance of the 
infinitesimal metric Cd{z,v), coincides with the inner distance associated to d*^™ which we 
denote by d^. Recent work on the comparison of d^'^°' and another invariant function, the 
Lempert function, may be found in [42]. Much less is known about the boundary behaviour of 
the integrated distances and our interest here lies in obtaining estimates of them. Partial answers 
to this question may be found in yy , [3j and |23j , all of which deal with strongly pseudoconvex 
domains in C". Optimal estimates of the boundary behaviour of invariant distances for domains 
with C^"'"'^-smooth boundary in dimension one, may be found in the recent work [l3] where 
estimates for convexifiable domains are also dealt with. A more complete treatment for strongly 
pseudoconvex domains in C" was given by Balogh-Bonk in [6j using the Carnot-Caratheodory 
metric that exists on the boundary of these domains. An analogue of these estimates was later 
obtained by Herbort in [30] on smoothly bounded weakly pseudoconvex domains of finite type 
in using the bidiscs of Catlin (see [llj). 

We are interested in supplementing the results of [6j and [30] by obtaining bounds for these 
distances on a Levi corank one domain in C". A smoothly bounded pseudoconvex domain 
D C C" of finite type with smooth defining function r (here the sign of r is chosen so that 
D = {r < 0}) is said to be a Levi corank one domain if the Levi form ddr of dD has at least 
n — 2 positive eigenvalues everywhere on dD. An example of a Levi corank one domain is the 
egg domain 

(1.1) = {z G C" : Izil^'" + \Z2\^ + ... + \Zn-l\^ + \Zn\^ < l] 

for some integer m > 1. Let 2m be the least upper bound on the 1-type of the boundary points 
of D and let f7 be a tubular neighbourhood of dD such that for any A G U there is a unique 
orthogonal projection to dD which will be denoted by A* such that |^ — ^*| = dist{A,dD) = 
6d{A). Furthermore, we may assume that the normal vector field, given at any £ U hy 

uiO = {dr/dzi{C),dr/dz2{0,---,dr/dzn{0) 

has no zeros in U and is normal to the hypersurface T = {r{z) = r{()}. Fix ( £ U. After a 
permutation of co-ordinates if necessary, we may assume that dr/dzn{0 ¥^ 0- Then note that 
the affine transform 

(j)<(z) = (zi - Cl, • • • , Zn-l - Cn-1, {v{Q),Z - Q) 

translates C, to the origin and is invertible (by virtue of the fact that dr/cfZn{C) 7^ 0)- Moreover, 
(f)^ reduces the linear part of the Taylor expansion of = r o ((^^)~^ about the origin, to 

(1.2) r^(z) = r((") + 2'^Zn + terms of higher order. 

In particular, the origin lies on the hypersurface P^^, the zero set of r'>(z) — r{C,) and the normal 
to this hypersurface at the origin, is the unit vector along the 3f?z„-axis. In fact, by the continuity 
of dr^ / dzn{0: we get a small ball B{0,Ro) (where as usual B{p,r) is the ball around p with 
radius r), with the property that the vector field i'{z) has a non-zero component along (the con- 
stant vector field) Ln = d/dzn for all z in -6(0, Rq). Indeed, we may assume that \dr^ / dzn{z)\ is 
bounded below by any positive constant less than 1. By shrinking -6(0, Rq), if necessary, we can 
ensure that \dr^ /dzn{z)\ > 1/2. We will perform such shrinking of neighbourhoods henceforth 
tacitly, taking care only that the number of times we have done this at the end of all, is finite. 
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Furthermore, we may repeat the above procedure for any ^ G f7. Since r and {4>^)~^ are smooth 
(as functions of C), the family {dr'^ /dzn{z)} of functions (parametrized by C) is equicontinuous. 
Moreover, the neighbourhood U is precompact, and hence, we may choose the radius Rq to be 
independent of C- 

Continuing with some helpful background and terminology, we assign a weight of l/2m to 
the variable zi, 1/2 to the variable Za for 2 < a < n — 1 and 1 to the variable Zn and for 
multi-indices J = {ji,j2, ■ ■ ■ ,jn) and K = {ki, k2, ■ ■ ■ kn), the weight of the monomial z"^!^ = 
z{^z^ . . . ztz\^Z2^ . . . z^", is defined to be 

Wt(z%^) = (ji + ki)/2m + (j2 + k2)/2 + . . . + (in_i + kn-l)/2 + {in + kn). 

Analogous to the definition of degree, we say that a polynomial in C[z,z] is of weight A if the 
maximum of the weights of its monomials is A; the weight of a polynomial mapping is the max- 
imum of the weights of its components. Thus note that the weight of the map (j)^ is 1 while its 
'multiweight' is (l/2m, 1/2, . . . , 1/2, 1). 

We now summarize the special normal form for Levi corank one domains (cf. [H]), details 
of which are discussed in the appendix. For each C, € U, there is a radius R > and an 
injective holomorphic mapping <I>^ : B(C,,R) — )• C" such that the transformed defining function 

= o (<I>'')~-'^ becomes 

2 m 

(1.3) p^{w) = r(C) + 2^wn + PiiC' wi) + kal' + • • • + 

1=2 

+ E E ^{{b%{C)wiw'l)wa)+R{C,w) 

a=2 j-\-k<m 
j,k>0 

where 

j+k=l 

are real valued homogeneous polynomials of degree I without harmonic terms and the error 
function R{(^,w) — )• as w — )• faster than at least one of the monomials of weight 1. Further, 
the map <I>^ is actually a holomorphic polynomial automorphism of weight one of the form 

(1.4) ^H^) = (^1 - Ci, G^{z - - Q2{zi - Ci), {HO, z-O- Qii'z - 'O) 

where G GL„_2(C),i = {z2, ■ ■ ■ Zn-i),' z = (zi, Z2, ■ ■ ■ , z^-i) and Q2 is a vector valued 
polynomial whose a-th component is a polynomial of weight at most 1/2 of the form 

m 
k=l 

for t G C and 2 < a < n — 1. Finally, Qi{'z — 'Q is a polynomial of weight at most 1 and is of 
the form Qi (zi, — Ci, G(^{z — with Qi of the form 

2m n— 1 m n— 1 

Qi{h,t2, . . . , t„_i) = akoiot', -EE ^tiotati - Y ^-(Oti 

k=2 a=2 k=l a=2 

Since is just a linear map, Qii^ z — 'Q) also has the same form when considered as an element 
of the ring of holomorphic polynomials C['z — 'C], when Q is held fixed. The coefficients of all 
the polynomials, mentioned above, are smooth functions of Q. By shrinking [/, if needed, we 
can ensure that i? > is independent of Q because these new coordinates depend smoothly on 
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Further Qi{0, . . . ,0) = and that the lowest degree of its monomials is at least two. On 
the other hand, while (52(0) = (0, ... ,0), the lowest degree of the terms in Q2 is at least (and 
can be) one. In case, the polynomials Q2 and Qi are identically zero, it turns out that the 
arguments become even simpler and this will be evident from the sequel. Note that ^^(C) = 
and 

^>'^(Ci, . . . , Cn-iXn - e) = (0, . . . , 0, -e dr/dzniO)- 
Finally, the transforms that reduce degree two terms to the form described in (jl.3p . force that 
Lj's (associated to p^) at the origin form an orthonormal basis of eigenvectors for the Levi form. 
In fact, Lj's are the unit vectors along the co-ordinate axes. 

Two remarks are in order here. Firstly, observe that the defining function in (jl.2p becomes 
simple, however, the change of variables that effects this is not simple (in the sense of being 
weighted homogeneous in the variables z — Q. This is evident in (jl.2p where only the linear 
part of the expansion is reduced to its simplest form (up to a permutation) and later in the 
final transformation (jl.4p . Note that each <I>^ is a polynomial automorphism of C" and will be 
referred to as the canonical change of variables for Levi corank one domain. Evidently, <I>^ is 
neither a 'decoupled polynomial mapping' nor a weighted homogeneous map in z — C- This poses 
difficulties in imitating Herbort's calculations directly and we shall discuss these difficulties as 
we encounter them, namely in Section 12. 6i 

Secondly, recall that, in general, the degree (or weight) of a holomorphic polynomial automor- 
phism is not equal to that of its inverse. However, the inverse of has the same form as It 
can be checked (done in the last section) that these maps belong to the algebraic group £l of all 
weight preserving polynomial automorphisms whose first component has weight l/2m, the next 
n — 2 components are of weight 1/2 each and the last component has weight 1; in particular, 
the weig ht of is one. Thus the collection {Q{(,5e),^'^} - where Se is defined below - forms 
an atlas for a tubular neighbourhood of dD giving it the structure of an £'/,-manifold, i.e., the 
transition maps associated to this atlas lie in S^. 

To construct the distinguished polydiscs around ^ (more precisely, biholomorphic images of 
polydiscs), with notations as in [30] define for each 6 > 0, the special-radius 

(1.5) T{C,S) = mm[(^6/\PiiC,-)\y^\ [d^'^ / Bv{Q)f" : 2 < / < 2m, 2 < /' < m}. 

where 

Bv{C) = max{|6^fc(C)| : j + k = I' , 2 < a < n - I], 2 <l' < m. 

It was shown in jl4j that the coefficients ^j^'s in the above definition are insignificant and may 
be dropped out, so that 

t(C,5) =min{(<5/|P/(C,-)|)'^' : 2 < ^ < 2m}. 

Set 

ri(C, 5) = r(C, 6) = tMQ.^) = ■ ■ ■ = Tn-i(C, <5) = 5^/', r^C, 5) = 6 

and define 

R{C,5) = {z G : \zk\ < rfc(C,5), 1 < A: < n} 
which is a polydisc around the origin in C" with polyradii rfc(C,5) along the z^ direction for 
1 < k < n and let 

Q{C6) = {¥)-\R{C,S)) 

which is a distorted polydisc around ^. It was shown in [H] that for all sufficiently small positive 
S - say, for all 6 in some interval (0, 5e) ~ there is a uniform constant Cq > 1 such that 
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(i) these 'polydiscs' satisfy the engulfing property, i.e., for all & U rj £ Q{C,S), then 
Q(r?,<5) C Q(C,Co<5) and 

(ii) if r/ G Q{C,6) then r(7?,<5) < Cot(C,5) < ^0^(7?, 5). 

For A,B eU let 

M(^, 5) = {(5 > : ^ G Q{B, 6)} 

which is a sub-interval of [0,oo) since the distorted polydiscs Q{B,6) are monotone increasing 
as a function of 5. Then define 

d'{A,B) = mfM{A,B) 

if M{A, S) 7^ which happens precisely when |^ — i?| < R (otherwise we simply set it equal to 
+00) and let 

(1.6) d{A,B) = mm{d'{A,B), \A - B\io.} 

which is an auxiliary pseudo-distance function on D. Here we work with the norm oi A — B 
instead of the usual Euclidean distance for convenience. Now, let 

where ^^{B) differs from ^^{B) by a permutation of co-ordinates to ensure i'{A)n 7^ i.e., 
q>^{B) = o Pa{B) where Pa{z) is S'liy permutation of tli6 variables 2^1, ... , z^i such that 
d{r o P^^)/dzn 7^ 0. The existence of Pa follows from the assumption that uiA) ^ 0. If A,B 
are close enough, then we may certainly choose Pa = Pb- Finally, let 

Q{A,B) = l/2(^r,{A,B)+r,{B,A) 

and as usual, for quantities S, T we will write S" < T to mean that there is a constant C > 
such that S < CT, while S" ~ T means that 5" < T and T < S both hold. 

It is known ([13]) that these infinitesimal metrics are uniformly comparable on a pseudoconvex 
Levi corank one domain D, i.e., B£){z, v) w Cd{z, v) ~ Kd{z, v) uniformly for all (z, v) S DxC". 
Thus to get lower bounds for the integrated distances it suffices to understand alone. We use 
the inequality d^"'"'^ < to get sharper lower bounds on and this is the only motivation 
for introducing d^^"". 

Theorem 1.1. Let D C C" he a smoothly hounded Levi corank one domain and U a tuhular 
neighhourhood of dD as above. Then for all A, B €z U D D we have that 

q{A, B)-l< dUA, B) < dUA, B) < q{A, B) + L 

where I and L are some positive constants. In particular, the same hounds hold for d\y{A, B) as 
well. 

We may also express the bounds here by replacing the term $"^(-)n involved in the definition 
of r]{A,B) which involves monomials in Bj for 1 < j < n, i.e., involves all the components 
of B in a slightly complicated way, by the more comprehensive term d{-,A) with d being the 
special pseudo-distance defined as above, available for Levi co-rank one domains; for the precise 
statements see (|2.45p and (j2.6ip . 

Obtaining a lower bound for d'j^ amounts to understanding the separation properties of bounded 
holomorphic functions on D. To do this, the boundary dD will be bumped outwards near a 
given E dD as in [13j to get a larger domain that contains D near The pluricomplex Green 
function for these large domains will then be used to construct weights for an appropriate d- 
problem as in [30j and the solution thus obtained will be modified to get a holomorphic function 
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with a suitable bound near C,. Solving another 9-problem will extend this to a bounded 
holomorphic function on D with control on its separation properties. This function is then used 
to bound dPj-) from below. Theorem 11.11 has several consequences and we elaborate them in the 
following paragraphs. 

In [20j , Fridman defined an interesting non-negative continuous function on a given Kobayashi 
hyperbolic complex manifold of dimension n, say X that essentially determines the largest 
Kobayashi ball at a given point on X which is comparable to the unit ball B". To be more 
precise, let Bx{p, r) denote the Kobayashi ball around p £ X of radius r > 0. The hyperbolicity 
of X ensures that the intrinsic topology on X is equivalent to the one induced by the Kobayashi 
metric. Thus for small r > 0, the ball Bx{p,r) is contained in a coordinate chart around p 
and hence there is a biholomorphic imbedding / : B" — t- X with Bx{p,r) C /(B*^). Let TZ 
be the family of all r > for which there is a biholomorphic imbedding / : B*^ — t- X with 
Bx{p,t) C /(B"). Then TZ is evidently non-empty. Define 

hx{p,M^) = inf - 
reiz r 

which is a non- negative real valued function on X. Since the Kobayashi metric is biholomor- 
phically invariant, the same holds for B") which shall henceforth be called Fridman's 

invariant. The same construction can be done using any invariant metric that induces the in- 
trinsic topology on X and we may also work with homogeneous domains other than the unit 
ball. However we shall work with the Kobayashi metric exclusively. A useful property identified 
in [20] was that if hx{po,'^"') for some po € X, then /ix(p,B") = for all p G X and that X is 
biholomorphic to B". Moreover, p i— B") is continuous on X. The boundary behaviour of 
Fridman's invariant was studied in [IT] for a variety of pseudoconvex domains and the following 
statement extends this to the class of Levi corank one domains. 

Theorem 1.2. Let D C C" be a smoothly bounded pseudoconvex domain of finite type. Let 
{p^} C D be a sequence that converges to p^ G dD. Assume that the Levi form of dD has rank 
at least n — 2 at p^. Then 

/iZ5(p'-,B")^/iB^(('0,-l),B") 
as J —)• oo where D^o is a model domain defined by 

Z)oo = G C" : 2^Zn + P2m(.Zi,Zi) + |z2p + . . . + |Zn_l|^ < O} 

and P2m{zi,zi) is a subharmonic polynomial of degree at most 2m (m > 1) without harmonic 
terms, 2m being the 1-type of dD at p^ . 

By scaling D along {p'}, we obtain a sequence of domains , each containing the base point 
('0,-1), that converge to D^o as defined above. It should be noted that the polynomial 
P2m{zi,zi) depends on how the sequence {p^} approaches p^. This is simply restating the 
known fact that unlike the strongly pseudoconvex case, model domains near a weakly pseudo- 
convex point are not unique. Since Fridman's invariant is defined in terms of Kobayashi balls, 
the main technical step in this theorem is to show the convergence of the Kobayashi balls in 
around ('0, —1) with a fixed radius R > to the corresponding Kobayashi ball on D^o with the 
same radius. Theorem 1.1 is used in this step. 

Another consequence of scaling near a Levi corank one point combined with Theorem 1.1 is 
a description of the Kobayashi balls near such points in terms of parameters that reflect the 
Levi geometry of the boundary. This is well known in the strongly pseudoconvex case - indeed, 
the Kobayashi ball around a given point p near a strongly pseudoconvex boundary point is 
essentially an ellipsoid whose major and minor axis are of the order of (5z)(^'))^^^ and 6d{p) 
respectively. 

6 



Theorem 1.3. Let D C C" be a smoothly bounded pseudoconvex Levi corank one domain. Then 
for all R > 0, there are constants Ci, C2 > depending only on R and D such that 

Q{q,Ci dniq)) C BDiq,R) C Q{q,C2 doiq)) 
for each q €z D sufficiently close to dD. 

Analogues of this for weakly pseudoconvex finite type domains in and convex finite type 
domains in C" were obtained in |41j by a direct scaling. These estimates are useful in establishing 
a generalized sub-mean value property for plurisubharmonic functions and defining suitable 
approach regions for boundary values of functions in spaces at least on strongly pseudoconvex 
domains (see [36] for example). 

The next and last class of applications of Theorem 1.1 deal with the problem of biholomorphic 
inequivalence of domains in C". The paradigm underlying many of the results in this direction 
(see for example |9j and [44j ) is that a pair of domains in C" cannot have boundaries with different 
Levi geometry and yet be biholomorphic. For proper holomorphic mappings, it is known (see for 
example [18] and |16| ) that the target domain cannot have a boundary with more complicated 
Levi degeneracies than the source domain. Fridman's invariant provides another approach to 
this problem with the advantage of quickly reducing it to the case of algebraic model domains. 
Here is an example to illustrate this point of view and we refer the reader to [5] for an alternative 
proof that works for proper holomorphic mappings as well. 

Theorem 1.4. Let Di,D2 C C" be bounded domains with p^ G dDi and q^ € 9I?2- Assume 
that dDi is C'^ -smooth strongly pseudoconvex near p^ and that dD2 is C°° -smooth pseudoconvex 
and of finite type near q^ . Suppose further that the Levi form of dD2 has rank exactly n — 2 at 
q^ . Then there cannot exist a biholomorphism f : Di ^ D2 with q^ G clf{p^), the cluster set of 

When p^ is also a Levi corank one point on dDi, it is known ([52]) that a proper holomorphic 
mapping / : Di — t- D2 extends continuously to dDi near p^. In fact, a similar result can be 
proved for isometries of these metrics as well. To set things in perspective, let D,G be bounded 
domains in C" equipped with one of these invariant metrics. An isometry / : D — t- G is simply 
a distance preserving map. Note that no further assumptions such as smoothness or holomor- 
phicity are being included as part of the definition of an isometry. Of course, biholomorphisms 
are examples of isometries, but whether all isometries are necessarily holomorphic or conjugate 
holomorphic seems interesting to ask. Let us say that an isometry is rigid if it is either holomor- 
phic or conjugate holomorphic. If isometries of the Bergman metric between a pair of strongly 
pseudoconvex domains in C" are considered, a result in [26] shows that the isometry must be 
rigid. Recent work on the rigidity of local Bergman isometries may be found in |40j . Isometries 
of the Kobayashi metric between a strongly pseudoconvex domain and the ball are also shown 
to be rigid in [33] while a more recent result in [24J proves the rigidity of an isometry between a 
pair of strongly convex domains even in the non equidimensional case; the choice of either the 
Kobayashi or the Caratheodory metric is irrelevant here since the two coincide. However, this 
seems to be unknown for isometries of the Kobayashi or the Caratheodory metric between a 
pair of strongly pseudoconvex domains. On the other hand, the results of [39J and [6j show that 
isometries behave very much like holomorphic mappings. In particular, they exhibit essentially 
the same boundary behaviour as biholomorphisms. The following statements further justify this 
claim and extend some of the results in [39j. 

Theorem 1.5. Let f : Di — ?• D2 be a Kobayashi isometry between two bounded domains in 
C". Let p^ and q^ be points on dDi and dD2 respectively. Assume that dDi is -smooth 
pseudoconvex of finite type near p^ and that dD2 is C'^ -smooth strongly pseudoconvex near q^. 
Suppose further that the Levi form of dDi has rank at least n — 2 near p^ and that q^ belongs 
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to the duster set of under f. Then f extends as a continuous mapping to a neighbourhood 
of p^ in Di. 

The following result provides an explicit computation of Ke2^, the Kobayashi metric of the 
egg domain introduced in (1.1) for m > 1/2 - notice that when m is not an integer, the 
boundary of is not smooth. This extends the computation done for such egg domains in 
in [38] and [10]. It is straightforward to see that for any G M and (pi, . . . ,p„) G S 



2m) 



{Zl, . . . ,Z„) l-> 



f U-\P\' 



l/2m 



V 



il-{z,p)f- 



zi,^{z) 



is an automorphism of E2m- Here (•, •) denotes the standard Hermitian inner product in C"~^, 
z G C" is written as z = {zi, z), z = {z2, • • • , Zn) and ^' is an automorphism of IB"^-'^ that takes 
p to the origin. More precisely, 

(,_i,Y/'(.-iy,)-(i-ip), 
^ ' ~ 1 - {»,P) 

for p 7^ 0. Since automorphisms are isometries for the Kobayashi metric, it is enough to compute 
the explicit formula for Ke-j^ at the point (p, 0) G -E2m; for < p < 1, from which the general 
formula follows by composition with an appropriate automorphism of E2m as described above. 



Theorem 1.6. The Kobayashi metric for E2m is given by 

KE2,r.{{P^0: ■ ■ ■ ■ ■ ■ ,Vn)) = 



(l_pim)12 r l_p2m -\- ■ ■ ■ -\- i_p2,n I jOr U ^ P, 



ma{l—t)\vi I 
L p{l-a^){m(l-t)+t) 



for u > p, 



2l l2 \ 1/2 



i\v2\'^ + ■ ■ ■ + \Vn\^) 

2m?p^ 



1/2 



where 

(1.7) u = 

(1.8) t = 

V? + 2m{m — l)p2 + n(n^ + 4m{m — l)p^) 
and a is the unique positive solution of 

Moreover, Ke2^ is -smooth on E2m x (C" \ {0}) for m > 1/2. 

This is useful in proving the isometric inequivalence of strictly weakly spherical Levi corank one 
domains (the notion of weak sphericity is recalled from [7] and defined in the last section) and 
strongly pseudoconvex domains - see j39] for a related result in C^. 

Theorem 1.7. Let Di,D2 C C" be bounded domains with p^ G dDi and G dD2. Assume 
that there are holomorphic coordinates in a neighbourhood Ui around p^ in which Ui n Di is 
defined by 

{z G C" : 2'RZn + + |Z2|^ + • • • + \zn-i? + R{z,z) < 0} 

where m > 1 is a positive integer and the error function R{z,'z) — )• faster than atleast one of 
the monomials of weights one. Suppose further that dD2 is C"^ -smooth strongly pseudoconvex 
near q^ . Then there cannot exist a Kobayashi isometry f : Di — )• D2 with q^ G clf{p^). 



To outline the proof of this statement, we scale Di along a sequence of points that converges to 
along the inner normal to Di . The limit domain is exactly ■ In trying to adapt the scaling 
method for isometrics, note that the normality of the scaled isometrics needs the stability of the 
Kobayashi distance function on Levi corank one domains, i.e., the arguments used in analysing 
Fridman's invariant. This ensures the existence of the limit of scaled isometrics, the limit being 
an isometry between and the unit ball. The final argument, which uses the explicit form 
of the Kobayashi metric on as given above, involves showing that this continuous isometry 
is in fact rigid which then leads to a contradiction. 

Acknowledgements: Theorem 1.1 has also been independently proved by Gregor Herbort recently. 
We were informed of this after the completion of this manuscript and we would like to thank him 
for sharing a copy of his unpublished manuscript and for a remark on an earlier version of this 
article that has been incorporated. Thanks are also due to Peter Pflug for a timely comment 
that helped remove an ambiguity and to Nikolai Nikolov who pointed out the relevance of [42] 
and \M. 



2. Proof of Theorem 11.11 

We begin with some useful notation and terminology. Let /? be a smooth function defined on 
some open set V in C". Consider the canonical Hermitian form associated to p: 



j=l k=l j,k=l 

for Y, W tangent vectors at z. The associated quadratic form is given by 



(2.1) Cpi^^y) = \Ed^(')M 

j=i J 

which is evidently positive semi-definite. Denote by Mp{z), the matrix associated to this form 
with respect to (unless otherwise mentioned) the standard co-ordinates. Now, let C & U and for 
1 < J < — 1 define the vectors 

L,(C) = (0,...,0,1,0,...,0,65) 

where the jth entry in the above tuple is 1 and 

^HMc,c)^-(|;(c))"(|^(c)) 

This collection of n — 1 vectors forms a basis for the complex tangent space at C to the hyper- 
surface 

r^ = |zG[/:r(z)=r(C)} 

and is called the canonical basis for the complex tangent space denoted HT^^, being independent 
of the choice of the defining function (upto a permutation to ensure dr/dzn ^ 0). Next, observe 
that each Lj is an eigenvector for Mp{z) with eigenvalue 0. Hence, HV^ is contained in the 

kernel of while the vector v{C) is an eigenvector of Mp(C) of eigenvalue |z^(C)p. 

There is another way to construct a Hermitian form out of p whose associated quadratic form is 

j,k=l ■' 

for any given z £ V and Y € C". This is the complex Hessian and in general need not be 
positive or negative semi-definite. Restricted to HT'^, this is the standard Levi form. When 



is pseudoconvex, the restriction of Lp to i^T^ is positive semi-definite. 

Hencefortli, C will denote a positive constant that may vary from hne to Hne. Positive constants 
will also be denoted by L or Cj for some integer j (for instance as in the last part of Lemma 
I2.ip and these may also vary as we move from one part of the text to another. 

2.1. Basic properties of the pseudo-distance induced by the biholomorphically dis- 
torted polydiscs Q. 

Lemma 2.1. The function d satisfies 

(i) For all a,b € U we have d{a, b) = if and only if a = b, 

(ii) There exists C > such that for all a,b & U 

d{a,b) < Cd{b,a) 

(iii) There exists a constant L > such that for all a,b & U with \a — b\ < Rq one has 

d{a,b) > 1/2L d'{a,b) 

(iv) There exists C > such that for all a,b,c & U 

d{a,b) < C{d{a,c) +d{b,c)) 

(v) With a suitable constant C > we have d{a,a*) < C5d{o) for all a and 

(vi) There exist constants Ci, C2 > such that for all a,b £ U we have 

Ci|a-6|2'" < d{a,b) < C2\a-b\ 

Proof. The proofs of parts (i)-(v) follow exactly as in [301. To establish (vi), observe that 
a G Qs{b) if and only if |$^(a)i| < t(6,5), \^^{a)a\ < \/5 for ah 2 < a < n - 1 and \^^{a)n\ < S. 
As a consequence, 

\Gbid-b)-Q2iai-bi)\<V6 

which implies that 

\Gbid-b)\ <VS + Q2{ai-bi). 

But we already know that 

|ai-6i|<r(6,5)<5V2-. 
Moreover, since G^^ is uniformly bounded below in norm in a neighbourhood of b, we see that 

\d-b\<V6 + r{b,6)<6'/^"'. 
It follows that \'a — 'b\ < (^i/2m g^j^j consequently that |a„ — 6„| < ^i/2m^ summarize, we 
conclude that \ai — bi\, \d — b\, \'a — 'b\ and \an — bn\ are all less than ^1/2™ times a constant. 
Hence, d{a, b) > \a - 6^™. Now to prove the upper inequality of (vi), write 

\^'{a)f = \ai - + |Gc(a - 6) - ^2(^1 - 6i)|' + |(fc£)-'(a„ - 6„) - Qi{'a - 'b)\\ 

Note that the right hand side above is at most Cb\a — 6p, where Cb is the maximum of the 
absolute values of G^, {bn)~^ and the coefficients of the polynomials Qi{'a — '6), Qf ('^1 ~ ^1) 
2 < Q < n — 1, all of which are smooth functions of b. Hence, Gb is bounded above by a positive 
constant (say, C2) that depends only on the domain D. This proves the lemma. □ 

Observe that open balls in this pseudo-distance d are the analytic polydiscs Q{-,5) and hence, 
the topology generated by d coincides with the Euclidean topology. However, part (vi) of Lemma 
12.11 shows that the pseudodistance d is not bi-Lipschitz equivalent to the Euclidean distance. 
Furthermore, d captures certain key aspects of the CR-geometry of the boundary of the Levi 
corank one domain D. The goal now is to compare d with the distance between a pair of points 
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of D measured in the space of uniformly bounded holomorphic functions (bounded by 1 for 
simplicity) . 

2.2. Local domains of comparison and plurisubharmonic weights. The primary objec- 
tive of this section is to construct a bounded holomorphic function that separates any given pair 
of points in D or equivalently, in := ^^(^D n i?(0, i?o)) where C G C/ is fixed. The idea is to 
construct a smooth function first, then modify it to get a holomorphic one via a suitable d prob- 
lem. The standard techniques of solving a (^-problem will yield a smooth L^-solution which can 
be modified to ensure holomorphicity and the desired separation properties. This function will 
satisfy an bound near ^. However, we require this function to lie in H°°{D). Catlin observed 
that this inclusion can be difficult to prove (cf. [H]). To overcome this difficulty, the domain 
is bumped near (" in a manner that dD(^ lies well within the bumped domain [t G IR+). 
The bumping is done carefully, so that the function in H^{D^) obtained as a solution of the 
9-problem can be modified to get an i?°°-function on D. As in [TT] and [13], the bumped domain 
D'i is characterized by the property that its boundary is pushed out as far as possible, subject 
to the following two constraints: first, dist(C, 9D^) < t and second, dD^ is pseudoconvex. Also, 
consider the trivial bumping D*'^ of the domain D(^, defined by D*'^ = {w G C" : p'^{w) < t}. 
To relate the bumped domain with D*'^, introduce the one parameter family (parametrized 
by t G M+) of functions 

J(;,tiw) = J^tiw) - t, 

where 

2m ^ -2 

(2.3) J^^tiw) = (t^ + \Wn\^ + |P,(C, OlVll'^' + 1^21" + . . . + kn-ll') • 

It turns out that Ji^^t{w) is useful in estimating the norms of holomorphic functions on D'i (cf. 
Lemma [12] of sub-section 12. 4p . Moreover, J(^^t{w) can be regarded as a pseudonorm: Jc^^t{w — z) 
is symmetric and satisfies the triangle inequality up to a positive constant. Indeed, let P(|w|) 
denote the expression 

2m 

It is well known that 

for ^, i? G M and j G N. Applying the above inequality to each term in P{\w + z\), it follows 
that , P{\w + ^;|) ^ P{w) + P{z). This estimate yields the triangle inequality for jQ^t{w). 

Note that the bumping technique can be applied to a small neighbourhood of C,. It is, there- 
fore, natural to examine the region where |/5^(-)| differs from J(,t{') by a small constant. More 
precisely, consider a tubular neighbourhood C/^^t of dD(^, defined by 

(2.4) U^^t = {w : \pHw)\ <s\J^,tiw)\}nBiO,Ri), < Ri < Ro 
where s is a small positive constant. 

Observe that p''{w) < whenever w G .D^ = <I»^ (.D n i?(0,i?o))- In this case, U(^^t is described 
by p^{w) > —sJ(^^t{w), which determines a one-sided neighbourhood U of dD(^. Bumping the 
boundary dD/^ of the domain will yield a pseudoconvex hypersurface B^. Denote by B^^^, the 

piece of the hypersurface B"^ which lies within and bounds the one-sided neighbourhood U. 
Note that p^{w) equals —sJc^^t{w) on ^B^"*. We claim that the defining function p^'^{w) of the 
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bumped domain behaves analytically like the algebraic function Jq i i.e., p^'^ « J^^f To this end, 
the following result will be useful (see Proposition 2.2 and Theorem 2.4 of |13j for a proof). 

Lemma 2.2. For sufficiently small Ri < Rq, s > and each G dDr]B{0,Ri), there exists on 
{/O^ < t}U U(^^t! 0, smooth negative real valued plurisubharmonic function E^^t with the following 
properties: 

(i) -CgJct < E^^ < -l/CgJct 



(ii) The complex Hessian of Ert satisfies 



Yi 



n — 1 
k=2 



+ 



for all u- G < t} U U^^^t and F G C". 

(iii) The first directional derivative of E(^^t satisfies 

(iv) Let p^'* = + eoEc i. Then for small enough eo > the domain 



D'l = \we {p'^ < t} U Ui^^t ■■ P^'\w) < o} 



is pseudoconvex. 



The constants C^^C^ and s above are positive and independent of the parameters t and Q. 
The part (iii) above provides a comparison between the complex Hessian of E(^^t{w) and the 
positive semi-definite Hermitian form \{dEQ^t{w),Y)\'^ obtained from the smooth function E^^f 
In part (iv) above, the bumped domain contains f/^^j and a portion of the trivially bumped 
domain L'*'''. This ensures that the boundary dD'l is pseudoconvex, and also that the ratio 
\p'^'^{w) / J(^^t{w)\ is small. Moreover, it follows that 

(2.5) {dp'^^\w),Y) = {dpHw),Y) + eo{dE^,tH,Y) 

for Y G C". Setting w = and restricting Y to the complex tangent space to D'^ at the origin, 
i.e., {z £ : Zn = 0}, we see that 

{dp<'\0),Y) = eo{dE^,t{0),Y). 

But we already know from parts (iii) and (ii) that 



(2.6) \{dp<^\0),Y)\'<C,el{jaO))'' 



Yi 



n-l 

E 

a=2 



Y^ 



since r((^, J^^t(O)) > y/J(J(fi) and J(^,t(0) = t. Now, consider 

C^u (0, y ) = £^c (0, Y) + €oCe,,, (0, Y) . 
Recall that (0, Y) is positive semi-definite due to pseudoconvexity of -D^ at the origin. Hence, 



Y, 



(2.7) 



eot 



Yi 



-(C,^c,t(o)) 

^ n— 1 



n-l 

+ E 

a=2 



Ya 



a=2 
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Using the fact that r(C,t) < t^/^™, we get that 



Observe that (j2.6p and ()2.7p together imply that the bumped domains touch the domain 
minimally in the complex tangential directions and approximately to the first order along the 
normal direction at the origin. Furthermore, rewriting (j2.5p together with Lemma [2.2( iii) yields 
the following estimates about the variation of the normal vector fields with respect to the 
bumping procedure: 



<C^el{j^^t{w)y 



Yi 


2 n-1 

+ E 

a=2 


Ya 


2 

+ 


Y 






\/Jc.,t{w) 







n-1 



a=2 



<C4el(^Jc,t{w)\'Y\^ + \Yr 

Here we use the fact that t(^C,, J^^t{w)) > J^^tiw)^^"^ and that J^^t{w) ^ 1 for w near the origin. 
Then, the above analysis allows us to conclude that the bumping process pushes the boundary 
dD^ in the 'normal' direction Yn relatively more than in the complex tangential directions. 

As in |13) and [30], the domains D^, serve as local pseudoconvex domains of comparison con- 
taining certain special polydiscs P^w, t, 6) of optimal size: 

Piw,t, 9) = a(wi,t{C, 9J(4w))^xA{w2, ^^Jc,tH) x. . .xA(u;„_i, ^foj^^)) x/\{wn,e\t{w)) 

Evidently, these polydiscs are the pull backs of the unit polydisc around w, under the affine 
scalings given by 



1 Zn) 



Z2 



Z-n—l 



The scaling factors of this linear map or equivalently, the polyradii of P{w, t, 9) are so chosen 
that Lemma 12.31 is true. We use the Cauchy integral formula for holomorphic functions on the 
polydisc ~ Let O be a domain in C" and h G 0{Q). Then for each 2: E $7 and each polydisc 
P = X ... X A" around z such that P is compactly contained in $7, it follows from the Cauchy 
integral formula that 



(2.^ 



\h{z)\<C 



h 



IL2 



(5^1 (2:1) X ... X JA"(^n) 



for some universal constant C that depends only on the dimension n. Here, each A-' denotes 
a disc in the -plane around at Zj. Recall that the L^-norm of a function is bounded above 
by its L°°-norm (up to a constant) on any compact measure space. Observe that (12. 8p enables 
an estimate with the inequality reversed. This estimate albeit well-known and elementary, will 
play a key role (for instance, (j2.30p ) in rendering a local solution to our problem and another 
primary result (i.e.. Lemma l2.8p towards our end goal. The following lemma from |13) will be 
useful for our purposes. 



Lemma 2.3. There exist numbers MQ,rQ,9 > such that 
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(a) For all ( G dD, any t > and w G n B{o, rg) one has 

d'i D P{w,t,e). 



(b) Next, the variation of the defining function p'^ on the polydisc P{w, t, 9) is described by 
the statement 



for all X G P{w,t,6). 

Note that the bumping function -Ef,t, is obtained by taking a suitable weighted sum of a family 
of uniformly bounded plurisubharmonic functions {A^} (parametrized by 6), whose Hessians 
satisfy maximal lower bounds near the point C G Df^. Furthermore, the derivatives of {A^} satisfy 
uniform upper bounds in terms of the weights with respect to the inverses of the multitype (for 
the precise statements, see [13] )■ Applying Diederich - Fornaess modification (cf.^lQj) to /o'''* 
yields a family of smooth functions ip^^ which are strongly plurisubharmonic on D^. It turns 
out that their Hessians satisfy sharp lower bounds on the polydisc P{w,t,0) C D^. These lower 
bounds, in Lemma l2.4( ii). are in terms of the polyradii of P{w,t,6). This is owing to a finer 
control on the derivatives of A^ for Levi corank one domains, as opposed to a less sharp control 
known for general smooth pseudoconvex domains of finite type. The reader is referred to [i2\ 
for general but less refined bumping constructs which can be used to derive a lower bound on 
the infinitesimal Kobayashi metric. It turns out that V'^^ is a plurisubharmonic barrier function 
for C G -D^ of algebraic growth (see [T2|, for a proof). In particular, dDi^ near is regular in the 
sense Sukhov (cf. [52j) and B-regular in the sense of Sibony (see [48j and 09]). This, in turn, 
implies that has a Stein neighbourhood basis. This fact will be used in the sequel. But, 
before going further, let us put down the construction of V^^j. This will be useful for constructing 
the weight functions. 

Lemma 2.4. After shrinking 6, given w G n{/9^ < 0} there exists on a plurisubharmonic 
function ip^^ < such that 

(i) V'^j > -1 on P{w,t,e) 

(ii) For any y G C" and x G P{w,t,6), we have that 



where C5 is a positive constant. 

Proof. To construct we use Diederich - Fornaess technique (|19j) of constructing a bounded 
strongly plurisubharmonic exhaustion function from any given defining function for a smoothly 
bounded pseudoconvex domain. Applying their constructs to p^'*, the defining function for the 
bumped domain , we get 



P 



(x)| < Mo9J^,t{w). 






First note that the pseudoconvexity of ^'^(^dD n ^(C, -Ro)) gives 

(2.9) Cpc{x,Y) > -Ki\p<{x)\\Y\^ - Ki\Y\\{dpHx),Y)\ 
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whenever x G <I>^(-B((", i2o)) ! for some constant Ki > 0. Furthermore, a standard calculation of 
the complex Hessian of ip (see [45] for details) yields 



l-r^o\{dp^''ix),Y)\^ , ,,/„„2 , 2770 , „2,^,2 



> vomx)\ ( "^J(^j2 + ^U^r - i^%(i + 



Here we used the estimate < i?^|yp for some positive constant i?*. Choosing K and 

r]o suitably, we can ensure that the following inequality holds throughout D^: 

,2,10, > , 1 . ^ c,4^.y) 



To verify (i), let x G P{w,t,9). Writing this analytically, translates to the following string of 
inequalities: 

|xi - Wl\ < T{C,9Ji;^t{w)), 



(2.11) \xa — Wa\ < \J 9Jc_^t{w) for all 2 < Q < n — 1, and 

\Xn - Wn\ < 9Jc_,t{w)- 



Recall that J(^^{w) = ^/t"^ + P{\w\), where -P(|w|) is the pseudo-norm 

2m 

P{\W\) = \Wn\^ + |P,(C)| Vll'^' + \W2\^ + ... + kn-ll' 

i=2 

and write the difference Jc_^t{x) — J(^ti'w) as 

The aim now is to obtain an analogue of the estimate (4.3) in |30) . This estimate is essentially 
an assertion about the uniform comparability J^^t(x) ~ J(,tiy)- Furthermore, such an estimate 
will lead to the engulfing property for the polydiscs P{w,t, 9) analogous to that for the Catlin - 
Cho polydiscs Q{-, •). To this end, we begin by applying the triangle inequality to the numerator 
(= |P(|u;|) — P(|x|)|) on the right side of (j2.12p which gives 

n—l 2m 
(2.13) \\Xn\^ - \Wn\^ + ^ {\X^\^ - \wX) + E \Pj iC)\A\xi\^' " \wi\^') 

a=2 j=2 

n — l 2m 

< llXnP - + \\xX - \wX\ + E \PjiO\^\\^l\''' - 

a=2 j=2 

Note that I 

~ l^nl^l ^ \xn ~ Wn\ ^ 9Ji^^t{w) by the last inequality in (12. lip and similarly, 

n—l n—l 



a=2 a=2 



15 



since 6 and J(^^t{'w) are very small. To estimate the last summand of ()2.13p . we use the following 
well-known inequality: 

which implies that 

for each j < 2m. Hence, 

(2.14) \p,{0\^\\xi\^^ - \wi\^^ < 22^--i|P,-(C;)lVi -^il'^' + (2'^"' - i)|P,(C;)l>il'^'. 

It follows from the definition of r(^, ^ J^^t(i(;)) that 



(C^J^H))' 



But we know from ([2TT]) that \xi -tt^ipJ < (^r(C, 6IJ(,t(w))) ^ Therefore, 

(2.15) 22^-i|p,(C; )l Vi - ^il'^' < 2'^-'9^{j^,t{w))' < ej^^tiw). 
Finally, since r(C,0Jc,t(t«)) > {ej^^t{w)f'\ 

Moreover, jwip-' < 9^ J(^^t{wy and this shows that the second summand in (j2.14p is also bounded 
above by OJ(^^t{w)- Also note that the denominator in (j2.12p is bounded and \w\ and |x| are 
small. The above analysis yields an estimate that is analogous to (4.3) of [30j in our setting, i.e., 

(2.16) I Jc,i(x) - Jc,t(u;)| < C^9J(^,t{w) 
or equivalently that 

\Jc,t{x)\ < (1 + CQe)J^^t{w) and | J^,t(x)| > (1 - C^Oy^^tiw) 
for some constant Cq > 0. Here, 9 is chosen small enough so as to ensure 1 — Cq9 > 0. 

Then, it follows from Lemma l2.2( i) and Lemma l2.3r b) that 

|/'*(x)| > eolE^x)] - \pHx)\ 

> e/C3 Jc,t(x) - Mo9J^,tiw) 

> eo/C3(l - Ce9)J^,tiw) - Mo9J^4w) 

> eo/2C3 JctM 

and 

\p<'\x)\<eo\E^A^)\ + \p<{x)\ 

< £0^3 J^,t{x)+Mo9J(;/w) 

< Cseoil + Ce9)J^^M + Mo9J^^M 

provided 9 and eo are sufficiently small. Putting the above two observations together, we see 
that 

(2.17) {eo/2Cs)J^4w) < \p<'\x)\ < J^,t{w). 
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Furthermore, 

(2.18) \EcAx)\ < C^JcM < W + Ce^) Jc,tM < C^\p^'\x)l 
which imphes that 

for ah X G P{w,t,e). Since w dist(3;, SD^), it fohows that 

|dist(x,aL>f) - dist(x,aL>*'0| « J^,t(x) 

where J(^,t(x) = J(,t{x) — t, and I?*'^ = {to G C" : pt^^ := p'^{w) — t < O}. Thus the pseudo-norm 
J(^^t measures the difference between the trivial bumpings given by {pt,c} ^^'^ bumpings 
{p^'*} engineered taking into account the CR geometry of dD(^. It follows from (|2.17|) that 
■ip{x) > —\p'^'^{x)\'^° > —(^J(^^t{w))^" for all x G P{w,t,6) and consequently that 

ip{x) 

To establish (ii), let us examine the complex Hessian of p^'*: 
Cpct {x, Y) = Cpc (x, Y) + eo^Ej^j (x, Y) 

> -Ki{\p^{x)\\Yi\^ + \{dp<{x),Y)\\Y\) + eoCE,,{x,Y) by ^ 
>-K^{\p^^\x)\+eo\E^,ti^)\)\Y\'-K,\{^pi^\x),Y)\\Y\ 

(2.19) - K,eo\{dE^,t{x),Y)\\Y\ + eoCE,Ax,Y) 

for X G P{w,t,e). Note that, by (f2T8]l . the first term -Ki (|p^'*(x)| + eo|^c,t(^)l) I^P ([2T9]) 
is at least 

(2.20) -K^{\p<'\x)\+eoCr\p<'\x)\)\Y\\ 
Now, consider the third term in (j2.19p : 



(2.21) - eoK,\{dE^4x),Y)\\Y\ > -e^K^^ C^^ J^^^x)^ Ce,,{x,Y)\Y\ 

by Lemma l2.2f iii). The part (ii) of the same lemma gives 



^fkM i \yi\ , \ya\ , \Yn\ 



1/2 



Using the fact that r(C, Jc,t(2;)) > (J(;,t(x))^^^ in (1^:^ . we get 



1/2 



1/2 



(^^V^yZ^^^^y) < (inP + J^,,(x) ^ \yX + \Yn\ 

a=2 

Since J^^t(x) is small, it follows that 

(2.23) -eoK,\{dE^Ax),Y)\\Y\ > -eoK^\Y\^ > -eoK^\pi'\x)\\Y\^ 

Here we used that |yO^'*(x)| is bounded away from zero on the polydiscs P{w, t, 9) C D^. To esti- 
mate the second term in (j2.19p . we use the following version of the Cauchy-Schwarz inequality: 

xy < e/2 x^ + l/2e 
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where x,y and e are positive numbers. Applying this inequahty for x = \Y\, y = \{dp^'^{x),Y)\ 
and e = we see that 

(2.24) -KiK9/'*(x),y)||y| > -Ki/2 -Ki/2 \{dp^^\x),Y)\\ 

The inequahties (12:2(1 . (ITMll and (j2:23]l together with (j2T9]l imply that 

J^pcAx,Y) _ 1 \{dp^\x),Y)\^ e^CE^^x^ 

Using the above inequality and (I2.10|) . and adjusting constants as in [.30j, we finally get 

(2-25) C^{x,Y) > -i^\i^{x)\ > Cg — T t \ ■ 

2 \P^' [x)\ JcA^) 

This estimate in conjunction with Lemma I2.2l fii) yields the required estimate for the complex 
Hessian of ip and consequently, for tp^^ as well. Indeed, 

\^{x)\ = |/'*(2;)|''«e-^''ol^l'. 
So that, \ij{x)\ > \ J(;,t{w)\'^° by using (pTTD . Therefore, we get from (fX^ that 



r (rV)- ^^^^^^^ l^^^^l ^i^ui^'^) 

'-i^^AX, r J — — — ——ttJo ^ ^877 — r~Wno — f — — 



This proves the lemma. □ 

2.3. Separation properties of the pluri-complex Green's function. Another key ingre- 
dient for constructing the weight functions for setting up the appropriate 5-problem is the 
pluri-complex Green's function introduced by Klimek [33]. For any domain these are given 
by 

Quiz, w) = sup {u{z) : u£PSHyj{Q)}. 

Here for w G ^l, PSHw{^) denotes the family of all plurisubharmonic functions that are negative 
on Q and which have the property that the function u{z) — log {z — wl is bounded from above near 
w. The Green's function itself is again a member of PSHi^{Q). The following lemma provides a 
link between the separation properties of the sub-level sets of the pluri-complex Green's function 
associated with the bumped domain and the polydiscs P{w,t,9). Before going further, note 
that the polydiscs P{'w, t, 6) are balls in the metric defined by 



2 n— 1 I |2 I |2 \ ^^'^ 



a=2 

Lemma 2.5. 

(a) There is a bound Mi ^ 1 (depending on 6) such that given a £ (0,1) one has for all 
w e n that 

P{w,t,ae) D {G^d-,w) < loga-Mi}. 

18 



(b) Further, one can find ao in such a way that for any two points w, w' G but with 
w' ^ P{w,t,9) one has 

P{w', t, ao9) n P{w, t, aoO) = 0. 

In particular, we have 

{a^c(-, w') < logao - Ml} n {Gj^c{-,w) < logao - Mi} = 
for all w, w' G Z>^. 

Proof. Let ^ : R — t- M be a smooth increasing function with ^(s) = s for ah s < 1/4 and with 
^(s) = 3/4 if s > 7/8. Thereafter, let = (K,(^))^ and choose a convex increasing function 

X on M satisfying = —7/4 for s < —2 and = s if s > —3/2. Then, for a large enough 
M' (depending on 6), the function 

becomes plurisubharmonic on and hence a candidate for the supremum that defines Qj-^c {-^w)- 
We have 

> 1/2 logeoK;-7/4M'. 
If now z G -D( is a point for which Qjjc{z, w) < logcr — 7/4 M', then 

log^o < 2 log (7, 

which implies Vu){z) < a^, provided a < 1/2. But then this precisely means that z G P{w,t,a9) 
for Vyj is the square of the metric that defines the polydisc P. So we may let Mi = 7/4 M', to 
obtain the assertion of part (a) of the lemma. 

For part (b) of the lemma, we argue by contradiction. So, assume that (b) fails to hold for any 
choice of ctq and pick w' P{w,t, a^O) where ctq will be chosen appropriately in a moment, to 
contradict our assumption. Now iv' P{w, t, u^O) means that atleast one of the following holds: 

(1) \wi -w{\ > CToT{C,9Jc,t{w)) or, 

{a) \wa — w'^\ > (Joy^OJ^Jiw) for 2 < a < n — 1 or, 

(n) \wn - w'J > ao6Jc^^t{w). 

Suppose that the first holds and assume to obtain a contradiction that x G P(w' ,t,ao9) Ci 
P{w,t,aoO). Then a combined application of the facts that Jc^,t{x) ^ J(^^t{w) k. ((■u;') and that 
t{w, 5) t{w' , 5) gives 

\wi -w'\\< \wi -xi\ + m -xi\< aoCuT{C,ej^^t{w)) 

with some constant Cn that does not depend on ao,w,w' and 9. Taking ao small enough 
furnishes a contradiction. Similar arguments take care of the remaining cases as well. □ 

2.4. Localization lemmas. 

Lemma 2.6. There exists L > with the following property 

(a) If t is small and w' G P{w,t,9/2) n D,^ and f G H°° [P{w,t,9)) . Then there exists 
f G II^{Df) such that f{w) = f{w) and f{w') = f{w'). Moreover, 

II / IIl2(^C)< L J^^t{'w)(^^J<:,tiw)^ r(C, JctH) II / ||l- . 
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(b) Suppose w' P{w, t, 9/2) n and f e H°° {P{w, t, 6)) . Then there exists f G H^{D^t) 
such that f^w) = f{w) and f{w') = and 

II / ||^2(£,C)< Jc,tH(\/^aH) ■t{C,JcA'^)) II / 11^°° • 

Proof. Let / be a function from H^(^P{w,t,9)Y For part (a), we choose a non- negative cut-off 
function ^ G C°°{R) such that ^(s) = 1 for s < 1/3 and = 0, if s > 7/8. Now, define 

which is a smooth 9-closed (0, l)-form on with support 

supp(i;) C P{w, t, 6) \ P{w, t, e/Vs). 

By Lemma 12.51 we have 

g^c{-,w)>\og{l/V3)-Mi 
on supp(u) and then since w' lies in P{w,t,9/2) we similarly have 

gj,d;w')>log{l/V3-l/2) - log(l + 2C7i2) - Ml 

on supp(f), because P[{w',t, ^4^1(717^^)) P{w,t,9/y/3). The plurisubharmonic function 

$ = V'c"t + 4g^c(-,«;) + 4g^c(-,«;') 

is bounded from below on supp(t') by some constant —T < 0. From theorem 5 of [30] we obtain 
a solution u G C°°{Dj) to the equation du = v such that 

(2.27) / \u\\-'^d^''z<2 [ |z;|2-,^ e-*d2"z 

where denotes the standard Lesbegue measure on C" identified with M^". Now, by Lemma 



31 it follows that |ti|^-^^ < -Li|/|loo for some unimportant constant Li. Indeed, note first by 
the holomorphicity of / that we have 

v{zu...,Zn) = d{Wi...Wn)f 

where 
Let 



Then observe that |W^j| < 1. Choose some constant C with 

for s G [1/3, 7/8]. Note next that the (0, l)-form v can be written as 



dzj 

j=i J 

where 
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So 



dWn 

dZn 



< c 



< 



where the second inequahty follows from |z„ — Wn\ < (^6J(^^tiw)) since z G P{w,t,9) which in 
turn comes from the fact supp(t') C Piw, t, 9). Similarly, we have for each 2 < a < n — 1 that 



CfZn 



and finally 



dWi 



< C 



< 



< 



1 



2 ^ T{w,eJi^^t[w))'' 



as well, so that an application of part (ii) of Lemma 12.41 to the form |?;|^^^^ (which will read as 
an upper bound) evaluated at the pair 

ix,Y) = (^zJ{z){Wi{z),...,Wn{z))) 
actually cancels the scaline; factors in the definition of the form |z;P-,,„ and yields our afore- 
mentioned claim that |t;P- ^ This subsequently extends the estimate ()2.27p as 

""Vet 



M'd^^z < 



lul^e-^d'^z 



< 2Lie^Vol(supp v) \f\lo 



<2Lie^Jc,tH' JJ^H) r(C,Jc,*H)'l/l 



2{n-2) 



The function 

m = k{ 



Zn-\ - Wn-xy ^ I \Zn-Wn\ 



) • / - 



now becomes holomorphic and has the desired properties, as u{w) = u{w') = while the L^- 
estimate for / follows immediately from that for the function u. 

Next we do part (b) in a manner similar (a): Firstly, if w' P{w,t,6 /2) then with a number 
(To > (independent of w,w' ,t) we have 

P{w, t, (700/2) n Piw',t, croe/2) = (j). 

We put 

fi{z) = e'I-'\z,w) ■ f - u{z) 
where E^^'^{z,w) denotes the product 

^H<^oO/2yr{C,jaw)r)^H^oe/2)^J^,{w))---^H^o0/2yJc^^^^ 
and solve du = v with v = d{fif). Now, 

supp(f ) C P{w, t, aoe/2) \ P{w, t, {aoe/2V3)) . 
Then, just as in part (a), we see that 

g^d;w)> log (ao/(2^/3)) - Ml 
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on supp(f). Furthermore, supp(f) is disjoint from P{w' ,t,aQ9/2) and so 
G^d-'^') ^ log ('^o/(2\/3)) -Ml- log(l + 2C12). 

Proceeding exactly as in part (a) from here on, we arrive at the statement in (b) of our Lemma. 

□ 

Lemma 2.7. Let x & D and denote by the point closest to x £ dD. Let y he a point such that 
Wy = ^''{y) S D'i . Let Wx = Then, given f G H°°[P{wx,t,9)^ it is possible to find a 

function f £ IL°°{D) such that \\ f \\l°^< L* \\ f H^oo and f{x) = f{wx)- Further, f{y) = f{wy) 
in case Wy E P{wx,t,6 /2) and f{y) = if Wy ^ P{wx, t, 6/2). 

Proof. We apply Lemma 12.61 to the pair w = Wx and w' = Wy and the function /. This yields 
a function / G H'^{D'i) with f{wx) = f{wx) and f{y) = f{wy) in case Wy € P{wx,t,9/2) and 
f{y) = 0, ii Wy P{wx,t,9/2). It satisfies the L^-estimate 

(2.28) I-^\2(bC) < LJ^,t{Wx)T{C,J^,t{Wx)) < L'tT{C,t)\f\L^. 

Let A > be a smooth function on M such that \{x) = 1 for x < (3/4)^ and A(x) = for 
X > (7/8)^. Then there exists 60 (independent of C,t,x,y and /) such that 

^ ^ f 9(a(^ • / o ; on i<^<)-\D^,) n{r< So} 

1 ' ; on {r < 5o} n ({|$q > 7ro/8} U {|«>q < 3ro/4}) 

defines a smooth 3-closed (0, l)-form on {r < Sq}. This follows from the fact that 

i^^rHD^t) n (lB(C, 7/8ro) \ IB(C, 3/4ro)) D {r < 60} H (b(C, 7/8ro) \ M{C, 3/4ro)) 

where rg is the radius from Lemma 12.31 

Consulting now the discussion on the existence of a Stein-neighbourhood basis in [49j and as 
noted prior to Lemma 12. 4| we ascertain for ourselves the possibility of being able to choose a 
Stein neighbourhood Q of D such that 

13 C {r < 62} Cil C {r < 5o}. 

On rj, using results from [27j - where we work with the elementary weight 4 log | • —x\ +4 log | • —y\ 
- we can solve the equation du = v with a smooth function u such that u{x) = u{y) = and 

(2.29) \u\L2i^^) < Cvi\~f°^^\L^i{r<S,} < Cl4|/\2(^C) 

for some positive constants Ci3,Ci4. Then certainly the function 
is holomorphic on D. We need to estimate the L°°-norm of /. 

Let z £ D and suppose first that = ^'^{z) G B(0, rg) n < 0}. Then we know by part (a) 
Lemma 12.31 that 

P{w,,t,9)cDl 
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This gives 



\f\ = \fo{<^<)-\w.)\ 



(2-30) < ———^^S=kn-2 



ITT 



< 



{C,JcA'Wz)){\/Jc,t{w^)Y Jc,t{wz) 

l/lL2(i?f) 



< CisLI/Ilcx). 

The last estimate comes from (12.28P in conjunction with t < J(^^tiwz),T{C,t) < r((^, J^^j (w^)) . 
Now assume that Wz £ {p'^ < 0} n > 0.9ro}. Then we see that \f{z)\ = \u{z)\. But u 

is defined on {r < 62} and holomorphic on {r < 82} H {^*^| > 0.9ro}. After possibly shrinking 
(52 > we find using the mean value inequality that 

\u{z)\ < 5^"|n|i2(|^<52}) ^ L*\f\L^ 

because of (I2.28P and (12.29p . proving the desired L°°-estimate for /. □ 



Next, as in |30) again we have the following separation of points Lemma and given the foregoing 
lemmas, the proof is verbatim as in [30] and this time we shall not repeat it. 



Lemma 2.8. There is a uniform constant cq > such that for any a,b £ D Ci U such that if 
^ Q25o{a)iC) where C, = a* , one has 

dhia-jb) > Cq. 

2.5. Estimation of the inner Caratheodory distance from below. Let U, a tubular 
neighbourhood of dD be as before, U' a relatively compact neighbourhood of dD inside U. We 
intend to estimate B) for two points A,BgU'. We split the procedure into two cases 

(2.31) d'{B,A) > ACeSoiA) 

(2.32) d'{B,A) <ACeSD{A) 

Before we begin, we put down 2 elementary inequalities which will be of recurrent use in the 
sequel. The first is the following simple 

(2.33) \zi + ... + znI"^ < N{\zi\^ + ... \zn\^) 

where G N for any set of complex numbers {zj}jLi. Second, is the following logarithmic 
inequality 

(2.34) log(l + rx) > r log(l + x) 
where x and r are positive reals with r < 1. 

We now begin with case (j2.3ip . 

Lemma 2.9. Assume that i2. holds. Then with some universal constant C^: > we have 

d^^{A,B)> aiog[l + ^^' 
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Proof. Let A,B £ D n U' be points such that d'{B,A) > 4Ce(5z)(^). Choose a smooth path 
7 : [0, 1] — )■ D from A to B satisfying 

2d%{A,B)>L%j) 
where L^i'j) refers to the length of 7 in the inner Caratheodory metric. 

We shaU spht again into two cases: 

(i) If 7([0, 1]) U n D, then we can find an exit time, i.e., a number t[ £ (0, 1) with ^{[0,t'i)) C 
D nU and 7(t^) € dU D D. Now we apply Cho's lower bound on the differential metric as in 
||13j and find 

i'W>i%i,.,,,,) 

(.35) ^^-'-m- 

Indeed, the lower bound from [13] reads 

^^^ \{L,{z),X)\ , "j^ HL^jzlX)] , |X„| 



t[z,6d{z)) ^2 '^o(^) 

— recall that L„ = 1; here we shall let z vary in a small neighbourhood of A* = it{A), assumed 
to be the origin after a translation, on which such an estimate is guaranteed by [13j. Further we 
may also assume after a rotation that i^{A*^ = L„ = ('0, 1); at this point we may also want to 
note that the hypothesis on d'{A, B), of the case under consideration remains intact, since these 
transformations preserve d' in the sense that they transform the d' associated with the initial 
domain D into the d' of the transformed domain. In particular, we have for 2; in a small ball Mg 
and X € C" the estimate 



Cd{z,X)> 



\Xn\ 



Sd{z) 

which contains in it the rate of blow-up of the Caratheodory metric along the normal direction, 
since v^n^z)) must have a non-zero component along L„. To unravel this information precisely 
from the above inequality and in a more useful form for our purposes, we need to restrict 
ourselves to the cone 

C^ = {XGr.(,)(n : \{u{n{z)),X)\>a\u{n{z))\} 

where a S (0, 1]. Let 

C= UWxC 

zeD 

and consider the function defined on C by 



Riz,X) 



\Xn\ 



\{u{n{z)),X)\ 



which is zero for all those z whose vr(z) is the origin, i.e., the z„-axis. Now note that R{z,X) 
is continuous on C as \{i'[7r{z)) , X)\ is bounded away from and also that R{A*,X) = 0. 
Therefore, given any e (1/2, say) there is a 5o (which we may take to be < 5) such that 

\R{z,X) - R{A*,X)\ < e 

for all z £ which is to say, we have 

Xn 



{u{7r{z)),X) 



> l-e = 1/2. 
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or equivalently that 



(2.36) \Xn\>l/2\{u{Ti{z)),X)\. 

Now getting to our setting, since the curve 7(t) moves away from the boundary during the 
interval / = [0,t']^) meaning, dist((7(t;),5L>)) = disi{dU,dD) = 5d{U) is greater than 7(0) = 
j4 G [/, we must have that the 'normal component' of the curve viz., (7(t), z/(7r(7(t))) ), must be 
non-zero (bigger than some a > 0) for some non-trivial stretch of time, i.e., for a sub- interval 
of I of non-zero length - call this sub-interval I again - so that we may apply the fore-going 
considerations, in particular ()2.36p to pass to a further sub-interval of I of non-zero length if 
necessary where 

|7„(t)|>l/2K7(t),i^(vr(7(t)))>|. 

Indeed as mentioned above, the existence of such an interval follows just from continuity and 
the fact that z^(7r(7(t))) at t = is just ('0, 1) so that 

l7n(0)| 



1(7(0), Kvr(7(0))))| 



1 



so that we may take this sub-interval, which we shall denote again by /, to be of the form [0, t'2) 
We then have on this sub-interval that 



5D{l{t)) 

^ K7(t),Kvr(7(t))))| 



5D{l{t)) 

^\mA<im)\ 



Him 



We have elaborately presented the steps that lead to this lower bound because of its re-occurrence 
later in a more complicated setting. Integrating the final estimate in the above with respect to 
t, leads to (|2.35|) which subsequently yields, 



>li J^ I ^^(^^) \ d{B,A) 
- 2 ^ V ^ diam(D); 6d{A) 

d{B,A)^ 



where 



1 Soiau) 

L'2 — 7:^1" 



2 diam(L»)' 

The second inequality in the foregoing string of inequalities, can be ensured by choosing Uq such 
that 5d{A) < 1/2 doidU), while the third one follows because d{B,A) < diam(L'). This finishes 
case (i). 
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The other sub-case is (ii): 7([0, 1]) C UnD. 
Smce d'{B,A) > ACeSoiA) we have 

4.Ce6DiA) < miM{B,A) 

and therefore 

B Q4C^Sn(AM) D Q2C^SniAM*). 
Thus we can choose a number ti £ (0, 1) such that 

lih) G dQ2C^SniAM*)- 

This shows that the following set is not empty 

S^'^ — {j (zz+ : 30 = to < h <... <tj < I 

such that G dQ2c,SD{i{U-i))h(.tu-iT) , 1 < < i}- 

Since 7([0, 1]) C D CiU, the boundary point j{t)* is well-defined for any t G [0, 1]. As in [30] 
again, S^'^ can be ascertained to be a finite set and consequently we may define the number 

m := max S^'^ 

and choose numbers = to < • • • < *m < 1 such that 

e 5(52a5D(7{t,_i) (7(^1^-1)*), i<i^<m. 

Further following [30], we get 2d'jj{A,B) > com and subsequently follow the steps therein to 
estimate m from below, which uses the pseudo-distance property of d and leads eventually to 
the estimate 

d{B,A)<Cr-'^6D{A) 
where C^, is a constant bigger than 1 (in fact bigger than 6). This gives 

.2m ^ d{B,A) 



5d{A) 

From this it follows that 



\2m ^ T , ni2m. ^ i , d{B ^ A) 



5d{A) 

which subsequently leads to 

2mlog(l + > log (1 + 

which gives 

/ d{B,A) 
m>log 1+ ^ ' 



5d{A) 
But then recalling that 

Co • m < 2d'i,{A,B) 

we finally see that 

Now we turn to the other possibility: 
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□ 



Lemma 2.10. Assume that \2. 32]) holds. Then with some universal constant C21 > we have 



n-l 

+ ^I'^^iBU^doiA) + \'^^{B)i\'/T{A*,6D{A)y 

a=2 

Proof. Suppose that A, B are points in D CiU' which satisfy (j2.32p . Then clearly 

B G Q4.CeSD{A)(.^) 

and 

<^^iB) e A{0,T{AACeSD{A))) xA{0, ^/4Ce6DiA)) x . . . x A(0, y^iC^M^) x A{0,4CeSD{A)) 
C P{wA,t,e) 

with a number ^ > independent of A,B and t := ACeSoiA). Here we put wa = ^^*{A). 
According to Lemma 12.71 applied to the point x = A and y = B, there exists for any function 
/ G {P{w, t, 0)) having norm equal to one, a function / G H°°{D) with |/|loo < L* for some 
constant L* such that 

f{A) = f{wA) 
f{B) = fiwB) 

where wb = (B). This implies 

d^'^^^iAB) > d^(^^f[njA),^fiwB)). 
We now make our choice of the function / namely, put 

(2.37) f{v) = fn{vi,V2,...,Vn) = ^, ^^^^^^ [{^^ o (^^' )-^) {v^, V2, . . . , Vn)) ^ 

where C is a constant chosen so that |/|l°° ^ 1 and is independent of ^, -B - to see that this 
can indeed be done, notice that 

and hence 



1/(^)1 < 



<C + 



C'6d{A) 

\Vn\ 



Sd{A) 

But then on P{wA,t,0) we have 

l^^nl < \vn - {waU + KwaU < OJa'Awa) + 1 < C"t < C"'6d{A). 
Certainly /{wa) = 0. Together with a basic estimate concerning the Poincare distance on 



the unit disc - estimate (6.6) in [30j - we get 



i%-(A. B) > -HU.S)) > 5 log ^1 + j 

with some suitable constant C > 0. Similarly choosing next the function / to be 
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for all2<Q<n— 1- which also has L°^-norm not bigger than 1, viewed as a function on 
P{wA,t,6) - we also obtain (since again /(wa) = 0) that 



2 



and similarly again, choosing 

with C' a suitable constant adjusted so that /i G L'^ (^P{wA,t,0)) , we get 

> dl{0,j,f{wB)) > ^log 'f ^^ 

^ ^ V (L*C")2t(A<5d(v1)) / 

To summarize then, we have for each I < j < n, that 

for some constant c < 1. Adding together these inequalities over the index j gives the estimate 
asserted in the Lemma. Let us note here for later purposes that the foregoing inequalities may 
also be rewritten as 

(2.38) dg-"(A, B) > max log f 1 + ^^^^ ) 

as c < 1. □ 

We now proceed to demonstrate that the estimates of the last two lemmas fit together well to 
yield Theorem II. li For reasons of symmetry it is enough to verify that 

dUA,B)>ri{A,B). 

Before we begin, let us just record one useful fact which is the analogue of lemma 3.2 of [30] 
and follows by the very same line of proof therein. 

Lemma 2.11. // a, 6 € D DU are points with \a — b\ < Rq, we have 
max{|(cI>'^(6))J,|(cI>"(6))/,...,|($"(6))„_J^^max^|PKa)||(<^>a(6))J^ 

<2 max{|($'^(6))J,|($»(6))/,...,|($'^(6))„_J^^max^|PKa)||($„(6))J'} 
Now suppose (I2.3ip holds. Then we claim that for some ci > we have 

(2.39) d{B,A)/6D{A) > C12 (|<l>^(i?)„|/<^D(A) 

n-l 

+ J2\'^^(BU/i^D{A)f' + \'^''{B),\/t{A,6o{A))) 

a=2 

For the proof of this, let < e < 2d'{B^A) be a number such that B £ Q^{A). Then 

$^(B) G A(0, t{A, e)) X A(0, ^/~e) x . . . x A(0, ^) x A(0, e). 

In particular, |$^(5)„| < e < 2d'{B,A). But then we also know |$^(B)| < c[\A - B\, which 
implies 

|^^(-B)„| <mm{2d'{B,A),c[\A-B\} < 4^(5, A). 
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with some constant €3 > 1. In particular, 

l^^iBU^ , diB,A) 
6DiA) - 5d{A) 

Next we estimate \'^'^{B)i\/t{^A,5d{A)) . Since the function t — ?■ t/T{A,t) is increasing and 
e > d'{B,A) > ACedoiA), we get 

|cl>^(i?)i| ^ T{A,e) ^ , e d'{B,A) 



t{AM{A)) - t{AM{.J^) ~ '^d{A) - ' bD{A) 
Moreover since |$^(B)i| <d^\A-B\ and r(A,(5z)(^)) >d^bD[A) we get 



and subsequently that 



|$^(B)i| ,\A-B\ 
\^\BW ^ ,diB,A) 



T{A,6DiA)) - ' 6d{A) 



Also 



\^^{BU ^ V~e ^ e ^ 2d'{B,A) ^ 2Ld{B,A) 



- ~ Sd{A) - 6d{A) 6d{A) 

This completes the verification of the claim ()2.39p and then Lemma 12.91 proves 

dUA,B) > ap{A,B) 
for those points A, B that satisfy (I2.3ip . 

Next we move on to the case when A,B satisfy (j2.32p . In this case we claim that for some 
positive constant C2 > we have 

.24n^ diB,A) ( \^^{BU ^^ \^^{BU \'^^{B),\ \ 

^ ' ^d{A) 6n{A) 

First, we note that we have d'{B,A) < e where we now let 

e = 2 max{|(cl>^(i?)) J, |(c^^(i?)),|^ . . . , |($^(i?))„_J^^m^^^^ 

We split into the various possible cases for the value of e and deal with them one by one. First, 
suppose that e = 2\^^{B)n\. Then we get 

d[B,A) ^ d'iB,A) ^ ^_ ^ ^\^^{BU 



6d{A) - 5d{A) - 5d{A) 6d{A) ' 
Next we look at what happens when e happens to be 2 max {|P/(yl)||$'^(i?)i|'}. In this case 



note that 



d{B,A) ^ e 



6d{A) - 5d{A) 

_ max{|PK^)ll^^(^)i|'} 
5d{A) 

( \^\B)i\ V 

^ ma -vr I — — 

{A,6d{A))) 



^ max y- 



< 



-{A.^DiA)) 
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provided we assure ourselves that \^^{B)i\/t{A, 6d{A)) < C for some constant C. To see 
this, choose any sequence r]j — )• d'{B,A) from above. Then by definition of d'{B,A) we have 
B £ Qn,{A) for all j. This gives |^>^(-B)i| < T{A,r]j). Letting j ^ oo we find < 
T{A,d'{B,A)). Then since we are in the case (I2.32P i.e., d'{B,A) < ACeSoiA), we obtain 

T{A,d'{B,A)) < C't{A,6d{A)) 

Therefore, < C't[A,6d{A)), finishing this case. 

If it happens that e = 2|$'^(i?)ap for some 2 < a < n — 1, then similar arguments with 
Ti{A) = Ti(^A, 6{A)^ replaced by Ta{A) = gives 

d{B,A) ^2^i™!< 



5d{A) - 6d{A) - 

Summarizing the results of the various cases depending on the value of e, we thus get that for 
some 1 < j < n the inequality 

(2.41) < 



5{A) - T,{A) 
must hold. This will be used in the sequel. 

Putting together what we inferred for each of the possible values that e may take, we may now 
also assert that (I2.40p holds, from which it in-turn follows from Lemma 12.101 that 

(2.42) dUAB) > d%'^'-{A,B) > Clog (l + {d{B, A)/6D{A)f) ■ 

Now we get to the end result, the lower bound as stated in Theorem ll.lt but we wish to first 
summarise for convenience, a couple of results from our variety of estimates encountered in 
course of our dealings of the two cases ()2.3ip and (j2.32p which will be useful in the sequel - to 
be precise, parts (i) and (ii) of part (a) of the following proposition, come from the discussion of 
Lemmas I2.9l and l2.10l resp ectivelv. We then conclude by showing how the desired end, re- written 
in part (b) of this proposition, follows from its previous parts. 

Proposition 2.12. 

(a) For points A,B £ DO U' , depending on whether they are far or near, as measured by 
the pseudo-distance d! , we have two cases and correspondingly various estimates as in 
the first two statements below: 
(i) d'{B,A) > ACedoiA). Then there for some constants Kii,Ki2 > we have 



dUA,B)>Kn log(l + {d{B,A)/6D{A) 

and 

d{B,A)/6D{A) > Kj\<^^{B)n\/dD{A) 



(1/2 



+ Y.\^^{BU/{6n{A)y^' + \^^{Bh\/T{A6niA)) 

a=2 

(ii) d'{B,A) < ACeSoiA). Then for some constants K21, K22, K23 > we have 
d'i,-'--{A,B)>K2i logfl + \^^{BUy6D{Af 



n-l 



+ J2\'^''iBUV^D{A) + \<^^{B),\yT{A,6D{A)f 



a=2 

30 



and 



d{B,A)/6D{A) < K22[\'^''{B)n\/SD{A) 

n-1 

+ J2\'^''iBU/{^D{A)f + \'^^{B)i\/t{A,6d{A) 

a=2 

from which it was seen to follow in the foregoing lemmas, that 
d'hiA,B) > d%-^^{A,B) > A'23log (l + {d{B,A)/5DiA)f) 
(b) Finally, we have the lower bound valid for all A, B £ D DU and some constant K > 0; 

" ' n 

obtained by combining the first two inequalities in (ii) and (i) of part (a). 



dUA,B) >K log 1 + , , , " . ; -- log2 



Proof. As noted earlier, it remains only to combine the two cases to get the final inequality as 
stated in (b). We may assume that the constant K12 < 1 in the second inequality in (i). Then 
an application of the inequality ()2.34p namely, log(l + rx) > rlog(l + x) valid for < r < 1 
here, gives 

Kulog (1 + Q) < log(l + KuQ) < log (1 + d{B,A)/SD{A)) 
where Q is the quantity 

n-l 

\<^^{BU/6d{A)+ Y,\'^^iBU/{^D{A)f' + \'f^{B),\/T{A,6D{A)). 

We therefore have 

dUA,B)> Kulog{l + d{B, A)/ 6d{A)) > i^ni^ia log(l + Q), 
when in the first case of (a) of the proposition. In particular 

(2.43) (^, i?) > log(l + Q) - i log 2 

n 

To deal with case (ii), let us denote by E the expression 

ra-l 

{'^"'{BUVSniAf + ^\<^^{BU'/6d{A) + \<^^{B),\yT{A,6D{A))\ 
0=2 

Next we use the inequality (|2.33p namely, 

\zi + ... + ZATp < 7V(|zip + . . . |ZivP) 

with N = n, to convert the inequality in (ii) of the proposition and express it in terms of E to 
get 

dg'^^'^(^, B) > K21 log(l + E)> K21 log(l + Q^n) 

>^log(l + Q^) 
n 

>^log^(l + Q)^ 

n 2 

(2.44) =^log(i + Q)_:^log2 

n n 
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Combining (j2.43p and (j2.44p gives the final inequality of the proposition, which also gives the 
lower bound stated in theorem ll.il once we take into account the permutation that we had made 
at the start at ()1.2p in the introductory section. □ 



Finally, we can also get from part (b) of the last Proposition that 
for some positive constant I. 

To see this, first let us finish the easy case namely, when we are in the case (a)(i) of the last 
Proposition. Then, recall from our arguments for the inequality (I2.39P that we had 

d{B,A) ^J_'^^{B),\ 



5d{A) - Tj{A) 

for all 1 < j < n and for some constant c < 1. Now from the first inequality in (a)(i) of 
Proposition 12.121 we have 

r . s ( ld(B,A) ld(B,A)\ 

dUA,B)>log{l + -^i-^+ ^ ' ^ > 



2 6d{A) 2 6d{A) 
[ ld{B^ c'^l^^iB)^ 



as required. 



The other case to deal with is when we are in the situation of (a)(ii) Proposition 12.121 Again 
to finish off the easy sub-case first, suppose that the maximum on the right hand inequality in 
Lemma [2.111 happens to be |$'^(-B)„|; we then have the following chain of inequalities giving the 
claim: 

j=Mm>i,'i A , \i'-'{BU , "^ l-P^iBU , |<l>--'(-B)i| ,,, ,„ 

> ^ log fi + + g + V ^- "/2 

- 2 So{A) v'Ml) t({A,So{A))J ' 

(2.46) > ^ log fl + + g + -jpSM] - K log „/2. 

The remaining possibilities are when the maximum on the right inequality in the Lemma 12.111 
is attained by \<^'^{B)k\^ for some 2<A;<n — lorby max2<z<2m \pi{^)\^'^{B)k\^ with k = 1. 
In this case, we first appeal to the inequality ()2.4ip and put it in the from 



(2.47) 



1 \^^{B)\ ^ ld{B,A) 

2 Tk{A) - 2 5d{A) 

32 



Next recall from (j2.38p that for all 1 < j < n we have that 



Summing over the first n — 1 indices gives 



r,(A) 



dg'"'''(A,_B) 



n-1 



> 



n 



>(^-i) + oE 



2 _^ 1 



which can be re- written using (I2.47P as 



n-l 



> log 1 + 



2(n-l)^| r,(A) (n-l) 5z3(^) 



+ 



+ 



2 rfc(yl) 

1 i\^^{By 



2{n - 1) 2 Tk{A) 
c d{B,A)\ 



> log 1 + 



c d{B,A) 
(n - 

n— 1 



+ 



g 2 



> log 1 + ^ 



1) SoiA) 2(n-l)2|^^ r,(^) 
2 d{B,A)\ 



r,(A) 



+ 



/ 1 -1,1 I c^A(^) 



, / 1 , ^\<^^(B)^ . 

a'»8(-(i + E|-i4r|) + 



n-l 



(2.48) 



log 1 + 



$^(S) 



r,(A) 



+ 



n2 , rf(i?,^) \ 

' Sd{A) J 

1 (i(S,yl)^ 
n <5d(A) 

d(^,A) ^ 



log n. 



finishing the proof of the inequality claimed at ()2.45p . 



2.6. Upper bound on the invariant distances. In this section we shall establish the upper 
bound on the Kobayashi distance d^{A,B) between two points A,B G D nU. Upper bounds 
for the infinitesimal Kobayashi metric were also obtained by Cho in [13J for Levi corank one 
domains following Catlin's methods [iTj where the upper bound was established in dimension 
n = 2. Berteloot showed an elementary way of obtaining the same, which was again followed in 
[53] to obtain the upper bound of [13] for Levi corank one domains; but as in |1] this time (in 
[53] ) the estimate is expressed in terms of the canonical automorphisms associated with a Levi 
corank one domain Q, denoted therein by Mfi{C,X) and defined as 



(2.49) 



MniCX) = ^\{D^HC)X),\/niCe{C)) = |Z^(5c o $^)(C)(X)|,, 



k=l 



with Be = Bl'-'^^ where e(C) > is such that C = C + (0, • • • , 0, e(C)) hes on dn and 



B'izi,, 



,Zn) = ((ti) ^Zi, (r„) ^Zn) 

33 



where ri = t{^,6), tj = S^^'^ for 2 < j < n — 1 and r„ = 6. Let us also note here that 

•^HC) = ('0, -e(C)/b„(C)) where 6„(C) = (dr/dzniC))'' so that 6„(C) ^ 1 and ^ ('0, -1) 

as C — ^ 0, when we are in the normahzation ()1.3p mentioned in the introduction. It was shown 
in [53] that near the boundary of 0, we have Kq{(^,X) ~ Mq((^,X). 

We now begin the proof of the upper bound in theorem ll.il We first get the following from |30] 
with almost no changes. 

Lemma 2.13. Suppose that A,B are points in D DU such that A* = B* , then 



' '-2 mm{SD{A),SD{B)}' 



for some positive constant C . 

We now proceed to use this to get an upper bound on the Kobayashi distance between the points 
A and i?, involving the canonical automorphisms and distances of A, B to the boundary and the 
distance between them expressed in the pseudo-distance d'{B,A) as expressed in Theorem ll.il 
So suppose that A, B € D DU; ii \ A — B\ > Rq then the claim follows from proposition 2.5 of 
|23| . So we have only to deal with the case when A, B ^ D OU with |^ — i3| < Rq in which case 
d{A,B) ~ d'{A,B). Now we shall split-up again into two cases depending upon whether A,B 
are near or far when their distance is measured by the pseudo-distance d'; to quantify the defini- 
tion of nearness here we first choose constants Ci > 0, L > 0, ry > with the following properties: 

(a) : d{x,y) < Ci[d{x, zi) -\- d{zi, Z2) + d{z2,y)) holds for all x,y, zi, Z2 ^ U and 

(b) : d{x,y) > d'{x,y)/L whenever d'{x,y) is finite. 

If we choose an appropriate neighbourhood Uq C U of dD we can achieve that, if A,B G Uq and 
<C 1, then the points A — rid'{A, B)ua* and B — rid'{B, A)iyB* , still lie in U. 

Define M = SLCi/t] and consider the following two cases, as mentioned above: 

(i): The points A,B satisfy d'{A,B) < M m.ayi{5D{A),5o{B)}. In this case we begin with the 
upper bound on the infinitesimal Kobayashi metric obtained in [53], which also gives the upper 
bound in the form expressed in [13|, namely: 



(2.50) < + "f + 1^-" 



T[Z 



Let us assume 5d{A) > 5d{B). Let B' be the point in D such that 5d{B') = 5d{A) and 
[B'Y = B* . We shall connect A and i? by a certain curve c : [0, 1] — )• D which we shall specify 
in a moment before which we would like to upper bound the Kobayashi distance between A and 
B in terms of the Kobayashi length of c and the Kobayashi distance between B and B' which 
lie on the same normal to dD at B* , allowing the use of Lemma 12.131 to estimate this distance, 
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so that we have 



dUA,B)<dUA,B') + dUB',B) 
<L'hic) + d'h{B,B') 

< L%"\c) + C log (l + C - 5n{B)\ x 

" ^ mm{6n{B'),6D{B)}J 

^L-(c) + C'log(l + cM^h^) 
(2.51) <Lg%) + C'log(l + C''^'^^'^) 



Sd{B) 

The last inequality follows since A £ Q2d'{A,B){B), so that we have — 5d(^)| < d'{A,B). 

We shall now define the path c, as follows. First, let 7(t) = (<I>'^)~^ denote the pull-back 

of the shortest path joining ^^{A) = and the point ^"^(B) in the pseudo-distance associated 
with the transformed domain Da = ^^{D), which happens to be the straight line joining the 
origin and the point $"^(5). Then 7(0) = A, 7(1) = B and since we are in case (i), 

7 C Q2d'(B,AM) ^ Q2MSMaM) C U. 

Let 7*(t) = (7(t))* and c{t) = -f*{t)-6D{A)u^*^t)- Then fe(c(t)) = 6d{A) for ah t and B' = c(l) 
satisfies 

B' = 7*(1) - =B*- 6d{A)ub* 

proving {B')* = B*. 

Next, to extend the chain of inequalities in (j2.5ip and reach the required upper bound, we need 
to estimate the length of c in the Kobayashi metric. Write N{x) = i^{7^dD{x)) and 7*(i) = 
T^dDhit))- Then, 



Therefore, 



= ^D{7r9D){l{t))-6D{A)D{N){j{t)))^{t). 

This implies 

(2.52) \mj\<\im 

for all 1 < j < n. Now in order to get an upper bound on L^(c), we shall make use of the 
estimate on the infinitesimal Kobayashi metric in the form expressed in [S^ to upper bound 
-f^D (c(i), c(t)) , the Kobayashi-length of the tangent vector c{t) and integrate it. We intend to 
use (|2.52|) for this purpose and this entails estimating K£)(^'y{t),'y{t)^ and thereby subsequently, 
to getting a control on the size of the tangent to the curve 7 along each of the co-ordinate 
directions namely, |7(i)j| for each 1 < j < n. Indeed, observe first that 

(2 K (r(f) r(f)) < ( \iLim,cm \{L4c{t)),cm |c(t)„| ^ 

(2.53) KD{c{t),cit)) < + 2^ ^=== + 



T[c{t),6{c{t))) ^2 VWi^ ^(^W), 
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Now notice for example that 



and subsequently, 



(Li(c(t)),6(t))| = |c(t)i-(|;/||)(c(t)) C{t)r 

< \iit)i\ + \i{t)n\ 



T{c{t),6ic{t))) - 



< 



T{c{t),6{c{t))) 



+ 



{A,6{A)) t{A,6{A)) 

since (5(c(t)) = 6{A) and r (c(t), 6{A)^ w t(^A, S{A)^ which follows from the uniform comparabil- 
ity of these distinguished radii at different points within a distorted polydisc and the fact that 
the path c{t) remains at a fixed small distance from the boundary of D, small enough for the 
polydiscs to be defined and validate the application of the comparability of the radii by covering 
the path by finitely many such polydiscs. Next recalling that l/r(A, 6{A)^ < 1/6{A), we obtain 

KLi(c(t)),c(t))| ^ |7(t)i| 



(2.54) 

Similar calculations give 
(2.55) 

so that altogether we get 
(2.56) KD{c{t),c{t)) < 



+ 



^ Mwx, \i{t)n\ 

T[cit),6icit))) ~ r (A 5(A)) ^ S{A) 

\{L4c{t)),cm ^ \j{tU |7(t)„| 

Mt)\ 



-{A,6iA)) 



n-l 

+ E 

a=2 



S{A) 



which subsequently entails the estimation of the components 7(t) as mentioned above, towards 
which we now proceed. First let "^a = {^^)~^ and C = ^^{B) and note that 

^{t)=D^A,JC). 

The expression for the inverse map and its derivative have been put down in the appendix, 
section [9l using which we may write down 7(i) more explicitly in the form 

n— 1 ~ 

7(t) = {ci,HAic) + HA{c,^{tc,)),b^{Cn + Eo^(*'c) 

1 j=l ^ 

where Ha = and 

Qii'z) = (b^)-' ({b^, Ha{~z + Q2{zi))) + bfzi) + Qi (zuHa{z + Q2{zi: 



where Qi and Q2 are the same polynomials that occur in the expression for <!>'' as in ()1.4p . We 
expand Qi a bit more explicitly, in the coordinates zi, . . . , Zn-i, to put it in the form 

2m n—1 m n— 1 

(2.57) QlC^) = 5^4^l' + 5^ j;da,fc^l'(^a + P2"(^l)) +2^C„(z„ + P2"(^l))' 



k=2 



a=2 k=l 



a=2 



where we recall that 



P2"izi) = ^erz[. 



1=1 
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Now ()2.56p extends to 



n-1 



KD{l{t),iit)) 



<5(7(t)) 



(2.58) 



n-l 



< 



6{A) 



+ 



Ha{C) + HAiCii^iKi))) 



V%4) 



+ 



ICi 



Now we estimate the numerator in the first summand to which end, we first estimate 



The quantity within the modulus is ofcourse a polynomial of the same form as Qi in (i.e., upto 
multiplication by some factors which are either powers of t (also recall here that \t\ < 1) or some 
integers), since it is obtained by applying the differential operator zid/dzi + . . . + Zn-id/dzn-i 
which is of weight zero, to the polynomial Qi{'z) and evaluated at t '(^. To put down one instance 
of the calculation explicitly, we first use the form of Qi as in (|2.57p and write down 



n-l 



E o^(*'c) = E kdkt'-'c'i + E E E(^ + k)d^,^ert^-^'-'ci 



2m 



n— 1 m m 



l+k 



k=2 

n-l 



a=2 k=l 1=1 
n—1 m 



n—1 m 

+ 2citc + E E ^c^efit'-'ciCa + E E 

a=2 a=2 1=1 a=2 1=1 

n—1 m m 

+ 2E(E^rt'cO(E^^'"'^cO 

a=2 1=1 1=1 

Now using the estimates on the various coefficients from Lemma (3.4) of |53j - for instance 
again, the coefficient {I + k)da,k^a,ki^^'^^^ occurring in the second summand in the above, which 
we shall denote by Ca^i^k,t, can estimated as 

ca,i,k,t <il + mA)ri {A, 5{A)) "V^ {A, 5{A)) 5{A)n {A, 5{A)) " V„ {A, 5{A)) -^t^+^-i 

< {5{A)fn (A, 5{A)) V„ {A, 6{A)) ' 

<5{A)n{A,5{A)y^'^'^ 

since Ta{A,5{A)^ = S{A) and t < 1. Consequently, the monomial Ca^i^k,tCi^'' ~ ^(A). Subse- 
quent similar computations result finally in 

|£&^(*'c)|<.^(^) 

j=i J 

which means that the first term in (|2.58|) above is bounded above by 

l^^(^)n| 

— ; — — h some constant 

5d{A) 

Next, to say a few words about the second term at (|2.58p . we first observe that it is bounded 
above by 



\Ha\ 



ICI 



+ 



Ci(ff(tCi))| 
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and then note that 
dzi 



k=l 
m 



< \ J2^^kCi \ since t < 1 



k=l 
m 



<Y,HA)n{A,6{A)) \-\i{A,6{A)y, (by Lemma 3.4 of p]) 

k=l 

Thus the upshot is that the second summand in ()2.58p is bounded above up to a constant by 

> , — h some constant 

and in all (I2.58P transforms to the more concrete upper bound 

for some positive constant L. Finally (|2.5ip becomes 
since the quantity 

\^\BW \^^[BW y.' |<l>-^(i3)a| 

KA) +r(A<5(^))^2 

is uniformly bounded above as we are in case (i) i.e., B G Q2MS{A)iA) and that when written 
out explicitly implies the just-asserted uniform-boundedness; we then get (j2.60p by simply using 
the fact that the function (log(l + x))/x is bounded below by a positive constant when x varies 
over a compact interval of positive reals. Since |$'^(-B)„| < d'{B,A) and d'{B,A) < d{B,A) by 
part (iii) of Lemma 12.11 we may also write the inequality (j2.60p as 

The case (ii) can be reduced essentially to the first, as in section 7 of [30j following the line of 
arguments therein and the above estimates ()2.60p and ()2.6ip may be obtained in that case as 
well. 

3. Fridman's invariant function on Levi corank one domains 

The purpose of this section is to prove Theorem ll.2l But before that, we gather some interesting 
properties of Fridman's invariant function /i£)(-,B"') that were proved in |20j . 

Proposition 3.1. Let Q be a Kobayashi hyperbolic manifold of complex dimension n. Then 

• if there is a p^ G Q, such that /in(p'^,IB") = 0, then hfi{p^,W"') = and 17 is biholomor- 
phically equivalent to B". 
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• p I— 7- /if7(p,B") is continuous on 

To put things in perspective, we state the following result on the boundary behaviour of Frid- 
man's invariant for strongly pseudoconvex domains. 

Theorem 3.2. Let D C B" be a bounded domain, G dD and let {p^} C D be a sequence that 
converges to . If D is C"^ -smooth strongly pseudoconvex equipped with either the Kobayashi or 
the Caratheodory metric, then h£){p^ — t- as j —t- oo. 

The reader is referred to [41] for a proof. It should be noted that, for D a Levi corank one 
domain, as in Theorem [ra the limit /i^,^ (('0, -1), B") can be strictly positive, unlike the 
strongly pseudoconvex case, and, in general, depends on the nature of approach p> p^ £ dD. 
Recall that, here, and in the sequel, for any z S C", z = {'z, Zn) and ' z will denote (zi, . . . , 

Before going further, let us briefly recall the scaling technique (cf. [53j) for a smoothly bounded 
pseudoconvex domain D C C" of finite type when the Levi form of dD has rank at least (n — 2) 
at p^ G dD. Assume that D is given by a smooth defining function r and that p^ is the origin. 
Consider a sequence p^ £ D that converges to the origin and denote by C"', the point on dD 
chosen so that C,^ = p^ + ('0, ej) for some ej > 0. Also, ej w 6d{p^)- 

Let ^''^ be the polynomial automorphisms of C" corresponding to G dD as described in (jl.4p . 
It can be checked from the explicit form of <I>''^ that ^^^(C"') = ('0; 0) and 

$C^(p?) = ('0,-e^./do(C^)), 
where do{(^) = [dr / cfZn{C,'^)^ — )• 1 as j — )• c«. Define a dilation of coordinates by 

.tj , . _ / Zi Z2 Zn-1 £n\ 

A^, ^Zi, Z2, ...,Zn}- y^^^.^ , ' • • • ' 1/2 ' e . yl ' 

where T{Q^,ej) are as defined in Note that Aj^^ o ^^\p>) = ('o, -l/(io(C^)) . For brevity, 

we write ('o, — l/do(C"')) = z^ and ('0,-1) = z^ . It was shown in [53j that the scaled domains 
D^ = A^j o <I)^^ (Z?) converge in the Hausdorff sense to 

Doo = {z£C : 2^Zn + P2m{zi,Zi) + \z2\^ + ... + \Zn-l\^ < O} 

where P2mizi,'zi) is a subharmonic polynomial of degree at most 2m (m > 1) without harmonic 
terms, 2m being the 1-type of dD at p^. Observe that D^o is complete hyperbolic (each point 
on dDoo, including the point at infinity, is a local holomorphic peak point - cf. Lemma 1 of [8j) 
and hence -Dqo is taut. 

It is natural to investigate the stability of the Kobayashi metric at the infinitesimal level first. 
The following lemma can be proved using the same ideas as in Lemma 5.2 of [H]. The only 
requirement is to establish the normality of a scaled family of holomorphic mappings which 
follows from Theorem 3.11 of [53J. 

Lemma 3.3. For {z,v) € -Dqo x C", limj_i.oo -f^D^* (-^j = ^Daciz,v). Moreover, the convergence 
is uniform on compact sets of D^o x C". 

Proof of Theorem There are two cases to be examined. After passing to a subsequence, if 
needed, 

(i) lim,^oo/iD(p'\lB") =0, or 

(ii) limj_^oo /idCf'iIB") > c for some positive constant c. 
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In the first case, arguments similar to the ones employed in Theorem 5.1(i) of [4lj together with 
Lemma 13.31 show that the limit domain Dqo is biholomorphic to B". On the other hand, this 
will not be true in the second case. 

To analyse case (ii), it will be useful to consider the stability of the Kobayashi balls on the 
scaled domains around G with a fixed radius > 0. The proof of this is accomplished 
in two steps. In the the first part, we show that the sets B£)j{z^ , R) do not accumulate at the 
point at infinity in dDoo ■ The proof of this statement relies on Theorem 11.11 and unravelling the 
definition of the 'normalizing maps' and the dilations A^^. The second part is to show that 
the sets Bjjj{z^ ^ R) do not cluster at any finite boundary point of dD^o- 

Lemma 3.4. For each R> fixed, B£)j(z^,R) is uniformly compactly contained in Dqo for all 
j large. 

Proof Since the scaling maps A^^ o<I)?^ are biholomorphisms and therefore Kobayashi isometrics, 
it immediately follows that 

Bi,,{z^,R) = A''^^o¥'{Bd{p',R)). 

We assert that Bj^j [z^ , R) cannot accumulate at the point of infinity in dD^o- To establish this, 
assume that q £ Bu^p'jR) and consider the lower bound on the Kobayashi distance given by 
Proposition 12.121 

which yields that 

d{p',q) < (exp-^/^* - 1)V2Jd(p') < exp^/^* 5d{p') 

where is a positive constant (uniform in j). Then the definition of the pseudodistance d 
quickly leads to the following two possibilities: 

• either jp' — g|/oo < exp^^'-^* 5d{p^) or 

• for each j, there exists 6j G (0,exp^/*^*(5£)(p')) such that G Q{q,6j). 

Now, Proposition 3.5 of [S3] tells us that if G Q{Q,Sj) then q G Q{p',Cdj) for some uniform 
constant C > 0. Hence, the second statement above can be rephrased in the following manner 
- for every j there exists 6j G (O, exp^/'^*5z)(p^)) such that q G Q{p',C5j) or equivalently that 

q G {<i>P'y' (a(0, Tip^, C6j)) X A(0, X ... X A(0, y^)) x A(0, C5,)) 

In other words, each Kobayashi ball B£,[pP ,R) is contained in the union G\ U where 
G{ = {z G : |z - p>\io. < exp-^/^*5B(p^')} and 

G{ = ($P')~^(A(0,r(p'',C75j)) X A(0,yC^) X ... X A(0,v/C^) X A(0,C,5j)). 

The idea is to verify that the sets A^^ o ^^'^ {G\) and A^^ o <I>^^ (Gj) are uniformly bounded. For 
this, consider 

^<\g{) = G C" : \z-pi\io. < exp^/^*,5D(p'')}) 

= {-u; G C" : \ {^i'y\w)-p'\ioo < exp^/^* 5^ ) } • 

Now, write 

w - ¥'{y) = (^{¥'y\w)'^ - ¥'{p^) 
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and note that the derivatives {D^^^} are uniformly bounded in the operator norm by L, say. 
Therefore, for w G we have that 



\w 



and consequently that, 

Since = ('o, —ej/do{(^)), the above inclusion can be rewritten as 



Hence 



w : \wk\ < Lexp^^^'Snip') for 1 < A; < n - 1, 



Wn + 



< Lexp^/^*5z)(y) 



o {G{) C <w: \wi\ < -— , \wa\ < for 2 < a < n - 1, 

(3.1) u-n + ^^-r < 



If w = {wi, . . . , Wn) belongs to the set described by p.ip above, then 

\wi\ < 
\w, 



J 



(3.2) 



< ^^-P^^^;fg(P^) < Lexp«/^*e//2 for 2 < a < n - 1, 



\Wn\ < 



Lexp^/C*6D(pJ) 



+ IW) ^ i^exp^/^* + 1 



since ~ ^oij^) and d^iC}) ~ 1. Furthermore, to examine the sets A^^ o<I)^^(G2), ^'^^^ note that 
these sets are the images of the unit polydisc in C" under the maps A^;^ o^^^ o (<&^^) (A^'^-' ) ^ . 
Let ii' be a positive constant such that | det-D(<l>^^ o ($^^) < K for all j large. It follows 
that each set A^-'^ o ^^^(Gg) is contained in a polydisc centered at ('o, — l/(io(C"')) > given by 



(3.3) A(0,i^2l(pU^| X A (0,^2 



X . . . 



Observe that, if w belongs to the polydisc as defined above, then 



X A 



(3.4) 



l^il < K 



2 (CSj 



< ^2 / SoipnV'^ < ii:2 for 2 < a < n - 1, 



\Wa\ < K'^ 

\w I < K'^9h. 4_ 1 < k2 5d(p') , 1 < ^2 , 1 



1/2 

It follows from [T3] that < t(C-', ej) and t(j)-', CJj) < t{p> , ej) t(C-', Cj). As a consequence, 
we see that if w belongs to either of the sets (|3.2p or (j3.4p . then |u)| is uniformly bounded. 
Hence, by virtue of the inclusions (j3.ip and ()3.3p . it is immediate that the sets A^^ o $^''(G{) 

and A^-^ o $^^(^2) are uniformly bounded. This in turn implies that the sets B£)j{z^ ,R) cannot 
cluster at the point at infinity in 5Z?oo- 
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It remains to show that the sets Bj;)j{z^ , R) do not cluster at any finite point of dD^. Suppose 
that there is a sequence of points S B£,]{z^ ,R) such that — )• g*^ E dD^o where is any 
finite boundary point. Now, Theorem 2.3 of [5j assures us that the estimates for the infinitesimal 
Kobayashi metric due to Thai-Thu remain stable for the family of the scaled domains , i.e., 
there is a neighbourhood U of q^ in C" such that 

n-l 



(3.5) 



Kd^{z,v)> 



[D'^'{z){v)),\ 

T{z,6Dj{z)) 



D^'^^iz){v))J \{D^<^%z)iv))J 



+ 



uniformly for all j large, z G [/ n D^o and tangent vector v G C". Here, the notation ^^^{■) is 
the special boundary chart (as described by ()1.4p ) corresponding to z, when z is viewed as a 
point in the scaled domain DK Evidently, the last component of D(^'^{z){v) is given by 



{D^^{z){v))^ = {v{0,v) 



EdQi , s 



so that 

{D^^^{z){v))^ = {uiz),v). 

Now, consider U, a neighbourhood of z^ disjoint from U and which is compactly contained in 
Doo. Then z^ G U for all j large. Let 7-^ be any piecewise C^-path connecting q^ = 7-' (0) and 
= 7-'(l). As we follow the trace of 7-' starting from z^ , there is a last point on the curve 
with G dU n . Let ^\tj) = and denote by , the sub-curve of 7-' with endpoints q^ 
and . Note that is contained in an e-neighbourhood of dD^ for some fixed uniform e > 
and for all j large. It follows from (j3.5p that 



> 



Di$HW)(ai(t))(d^(t))) 

/ 1 



dt 



■dt. 



The fact that the last integrand is positive follows from the considerations as in the arguments 
following (j2.35p . To be more precise, we focus on a stretch of time where the curve has a 
non-zero component along the normal to dD^ at 7rj((T-' (t)) (as explained in Section [2]). It can 
be checked that this stretch of time can be taken to be a non-zero constant, uniform in j, since 
the domains converge to Doo- Furthermore, it can be checked that the last integrand is at 
least 



so that 



2 6Dj{(T^{t)) 2 6 



K 



D3 







(7^(t),f (t))dt>ilog-^ + C 



for a uniform positive constant C. Finally, taking the infimum over all such 7-' , we see that 

1 



+ C. 



Note that the left hand side here is bounded above by R while the right hand sides becomes 



unbounded as q^ ^ q G dD^ 



This contradiction completes the proof of the lemma. 
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Once we are able to control the behaviour of Kobayashi balls Bjjj^z^ , R) as j — >• oo, we intend 
to use the following comparison estimate due to K.T. Kim and D. Ma (|35j. [33j ) to conclude 
the stability of the integrated Kobayashi distance under scaling. 

Lemma 3.5. Let D be a Kobayashi hyperbolic domain in C" with a subdomain D' C D. Let 
p,q ^ D' , d'lfi^p, q) = a and b > a. If D' satisfies the condition B£i{q, b) C D' , then the following 
two inequalities hold: 

'^'(^''^^^ tanh(La) '^^^^'^^' 

'^^'^^'"^^ tanh(b-a) '^^(^'"^- 

This statement compares the Kobayashi distance on the subdomain D' against its ambient 
domain D. Recall that the estimate < d^, is always true. 

The proofs of Lemmas 5.7, 5.8 and 5.9 of [2] go through verbatim in our setting, thereby, 
yielding the following two propositions - which are stated here without proof. 

Proposition 3.6. lim d)^j{z\-) = d'h (/,•) and lim = (z^,-)- Moreover, the 

convergence is uniform on compact sets of D^o ■ 

Proposition 3.7. Fix R> 0, then the sequence of domains B[)j(z^ ,R) converges in the Haus- 
dorff sense to B^^^z^ ,R). Moreover, for any e > 

. BDjz\R)(lBi),{z^,R + e), and 
. BDj{z^,R-e)(ZBD^{z^,R) 
for all j large. 

Proof of Theorem M.S^f ii): By the biholomorphic invariance of the function h, it follows that 
/id(f'',1B'^) = /iD^(2^B") and therefore, it suffices to show that /i£»(z^B'") ^ /i£,^(z°,]B"). 
To verify this, let \/R be a positive number that almost realizes /id^ (z*^, B'^), i.e., \/R < 
^Doo (2*^, B")+e for some e > fixed. Then there exists a biholomorphic imbedding F : B" — )■ Dqo 
satisfying F{0) = z° and Bd^{z^,R) C F(B"). Pick 5 > such that Bd^{z^,R - e) C 
F(S(0, 1 — 5)). Since F{B{{),l — 5)) is relatively compact in D^o and — )• Doo, it follows 
that F {B{0, 1 — 5)) is compactly contained in for all large j. Now, by Proposition 13.71 we 
see that 

Bo,{z^,R-2e)cBn^{z'>,R-e), 

and consequently that 

Bdj{z\R -2e)cF {B{0, 1 - S)) C , 

which, in turn, implies that 

for all j large. Therefore, by the choice of i?, it follows that 

limsup/iB,(z^B") < ho^iz^^W"). 

Conversely, consider a sequence of biholomorphic imbeddings F^ : B" — t- and positive num- 
bers R^ with the property that F-'(0) = B^.iz^^Rj) C F^{W) and l/Rj < hoj^z^ ,M'^) + e. 
Recall the scalings A^-^ o associated with the sequence p' and consider the mappings 
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and note that ^■'(0) = — )• p*^ G dD. We claim that admits a convergent subsequence. 
Indeed, applying Theorem 3.11 from [53J to 6^ assures us that the family Aj- o o 6^ = 
is normal and the uniform limit F is a holomorphic mapping from B" into Doo- Note that by 
construction F{jd) = Yvaij^ao F^ {Q) = . Further, by the first part of the proof and choice of 
the numbers it follows that 

l/Rj < /iz5.(z^]B") + e < /ii5^(z°,B") < +00 

for all j large. On the other hand, we already know that, the largest possible radii admissible in 
the definition of Fridman's invariant function /i£)(p^,B"') (which equals /i£)i(z-^,B")) is at most 
1/c. Hence, we may assume that the sequence Rj converges to Rq > 0. 

The goal now is to show that F : B" — t- D^o is an imbedding and that F(B") contains the 
Kobayashi ball on Dqo around £ D^o with radius Rq — 2e. To this end, it is clear that 

Bd,{z\Ro - e) C BDj{z^,Rj) C FJ'(B"). 

Moreover, by Proposition 13.71 we see that 

Bd^ (2°, i?o - 2e) C Bdj {z^,Ro - e) 

and consequently, that B£,^{z^, Rq — 2e) C F-'(B") for all large j. It follows that Bj;)^{z^, Ro — 
2e) C F{M"') and in particular, that F is non-constant. 

To establish the injectivity of F, consider any point a E B". Each mapping F^{-) — F^{a) never 
vanishes in B" \ {a} because of the injectivity of F^ in B". Applying Hurwitz's theorem to the 
sequence F^{-) - F^ (a) e O (B" \ {a}, C"), we have that F{z) ^ F{a) for all z G B" \ {a}. Since 
a is any arbitrary point of B", this exactly means that F is injective. 

To conclude, observe that the above analysis shows that i?o — 2e is a candidate for the infimum 
that defines hD^{z^ and hence (z'^, B") < 1/ (i?o — 2e). This last observation, in turn, 
implies that 

/iB^(zO,B") <liminf/l^,(z^B") 

jr'-S-OO 

as desired. □ 



4. A QUANTITATIVE DESCRIPTION OF KOBAYASHI BALLS IN TERMS OF EUCLIDEAN 

PARAMETERS - PROOF OF THEOREM 11.31 

It can be checked that 

(4.1) Q{p,Ci{p,R)5d{p)) C Bn{p,R) C Q {p,C2{p, R)Sd{p)) 

holds true for each p £ D and for some positive constants Ci{p, R), C2{p, R) (which depend on 
the point p, the radius R and the domain D). The main purpose of the Theorem 11.31 is to show 
that these constants can be chosen independent of the point p. The proof is based on the fact 
that the integrated Kobayashi distance is stable under scaling (cf. Propositions 13.61 and 13. 7p . 

Proof of Theorem \ 1.3^ For p £ D, let us first prove that Q {p,Ci5d{p)) C B£){p,R) for some 
uniform constant Ci. Suppose that this is not the case. Then there are points p^ £ D, p^ £ dD, 
pj _^ pO g^j^^ sequence of positive numbers Cj — )• with the property that - for each j, the 
'polydisc' Q {p^ ,Cj6D{p^)) is not entirely contained in the Kobayashi ball B£){p>,R). 
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Applying a biholomorphic change of coordinates, if needed, we may assume that is the origin 
and the domain D near the origin is defined by 



2m n— 1 



1=2 a=2 j+k<m 

j,k>0 

+ terms of higher weight | 

as in (II. 3p . Denote by C'', the point on dD closest to chosen such that = p' + ('0, ej). Then 
ej w 6d{p') by construction. Furthermore, pick points G Q {p' ,CjSD{p^)) that lie on the 
boundary of the Kobayashi ball Bo{p^ , R)- The idea is to scale D with respect to the sequence 
pj _^ pO^ g^j-^jj analyse the sets Q {p^ ,Cj6£){p^)) under the scalings A^;^ o Recall from the 

proof of Lemma 13.41 that the images A^j o <I)^^ {p' ^Cjdoip-'))) are contained in polydiscs 
centered at ('0, — l/(io(C"')) ; given by 



/ ) KMC')' 

where -ftT > is independent of j. Among other things, S. Cho in |12j proved that T((^^,ej) ~ 
t{p' ,ej). But we know that 6d{p^) ~ ej so that r {p^ ,Cj6D{p^)) ^ CjT{C^ , ej). Also, do{C^) 1 
and Cj — )• 0. These estimates show that the sets described in (|4.2p are uniformly bounded, and 
consequently that, A^^^ o <I)^^ {p^ ,Cj6j:,{p'))) are also uniformly bounded. In particular, the 

sequence A^-^ o [q^) is bounded and since Cj — >• 0, we have A^^ o ^"^^ [q^) — )■ ('0, —1). 

Observe that d^{p^,q^) = R hy construction. Since the scalings A^^ o : D — t- are 
isometrics in the Kobayashi metric on D and , it follows that 



or, equivalent ly that 

4, (('0,-l/do(C^)),Aj><l>f^(g^)) =i?. 



^^\q^) — )• ('0,-1). Hence, it follows from Proposition 13.61 that 
(('0, — 1), ('0, — 1)) = R which is not possible. This contradiction validates that there is a 
constant Ci (uniform in p) such that Q[p, Ci5d{p)) is contained in the Kobayashi ball B£){p, R). 

To verify the inclusion Bd{p,R) C Q{p,C2 5d{p)) for some uniform constant C2, we suppose, 
on the contrary, that this does not hold true. Evidently, in view of (j4.ip . there are points 
p' ^ D, p^ ^ dD, p^ p^ and a sequence of positive numbers Cj — )• +00 such that - for each j, 
Q {p^ ,Cj5D{p^)) does not contain the Kobayashi ball B£){p^ , R). As before, pick points ^-^ S dD 
closest to p' and define ej,D^, <l>^\A^j and D^o analogously. Furthermore, choose q^ in the 
complement of the closure of Q {p^ ,Cj6Dip^)) such that q^ G Bd{p^,R), so that, as before, 

4, (aJ o <I>^^ (p^), A^. o <^'^\q^)) = doijP^q^) < R, 
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and consequently, that 



;'o,-i/do(C^)),Ajo$c^(g^)j <ii, 



which imphes that 



for all j large. Here the last inclusion follows from Proposition 13.71 and as before, ('0,-1) and 
('0, — l/(io(C"')) Eire written as and respectively for brevity. The above observation can be 
restated as 



(4.3) 

However, we claim that 



A 



A 



< it:. 



+00, 



which violates (|4.3p . Therefore, the theorem is completely proven once the claim is established. 
To prove the claim, recall that = ('o, — ej/(io(C'')) and cio(C-') ^ 1- Therefore, we see 

that £ Q{C,^,ej). Next, Proposition 3.5 of [53] quickly leads to the following statement: 
Q(C"')fi) C Q{p' ,Cej) for some uniform positive constant C. Moreover, doip') ~ so that 
Q{C'' ,CCjSD{p^)) C Q {p' ,Cj5D{p')), where the constant C is independent of j. Hence, lies 
in the complement of QiC'' ,CCj5D{p')), by construction, and therefore, the first component 



> 



oo. 



As a consequence. 



Al]o<l>i'{q^) -{%-!] 



+00, and hence the claim. 



□ 



5. Proof of Theorem 11.41 

Suppose there exists a biholomorphism / from Di onto D2 with the property that q^ belongs 
to the cluster set of / at p^. To begin with, we assert that / extends as a continuous mapping 
to p^. This requires the fact that p^ and q^ are both plurisubharmonic barrier points (cf. [52], 
[16j). For the strongly pseudoconvex case, this is well known due to Fornaess and Sibony ([22j), 
and for smooth pseudoconvex finite type point q^, the above statement was proved in [12], [52] . 

Assume that both p^ = and q^ = and let q^ be a sequence of points in D2 converging to 
q^ along the inner normal to the origin, i.e., q^ = {'0,—6j), each 6j > and 6j \ 0. Since 
/ : Di — )■ D2 is a biholomorphism and S clf{0), there exists a sequence p^ G Di with — )• 
such that fip') = . Now, scale Di with respect to {p'} and D2 with respect to {q^. 

To scale Di , recall that by [44J , for each ^ near p^ G dDi , there is a unique automorphism of 
with h^{C) = such that the domain h^{Di) is given by 

{z G C" : 23ft(z2 + K^{z)) + H^{z) + a^{z) < O} 

n n 

where K^z) = aij{^)ziZj, H^{z) = hij{^)ziZj and a^{z) = o(|zp) with Er^(zi,0) = 

i,j=l i,j=l 

and H^{zi,0) = Izi]"^. The automorphisms converge to the identity uniformly on compact 
subsets of C" as ^ — p^. For = {Ci,£,2, ■ ■ ■ ,^n) G Di as above, consider the point ^ = 
(^1,^2, • • • iCn-ij^n + e) where e > is chosen to ensure that £ dDi. Then the actual form of 
shows that h^{i) = ('0, -e). 
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In order to apply Pinchuk's scalings to the sequence ^ £ dDi, choose ^-^ G dDi such 
that if = {'p' ,pri), then ^-^ = {'p^,pL + ej) G dDi for some > 0. Then ej ^ by 
construction. Now, define the dilations 

T^{zi,Z2, ...,Zn) = (^ej'^zi, . . . ,ej~^Zn~i,ef^z^ 

and the dilated domains D-[ = o h^^ {^Di ) . It was shown in [44j that D-J converge to 

^1,00 = {2 G C" : 2^Zn + l^iP + + • • • + \Zn-l? < O} 
which is the unbounded realization of the unit ball in C". 

For clarity and completeness, we briefly describe the scalings for the domain D2, which are 
simpler this time as the sequence approaches normally. To start with, consider : C" — t- 
C"', a sequence of dilations, defined by 

A^{wi,W2, ■ ■ ■ ,Wn-l,Wn) = (^Sj ''"'Wi,6j '^W2,--- ,5- '^Wn-l,5j^W^ . 

Note that A-'CO,— 5j) = ('0,-1) for all j and the domains = A-'(Di) converge in the 
Hausdorff sense to 

-^2,00 = {w G : 2'RWn + Q2m{wi,Wi) + \W2\^ H h \Wn~l\^ < O}, 

where Q2m is the homogeneous polynomial of degree 2m that coincides with the polynomial of 
same degree in the homogeneous Taylor expansion of the defining function for dD2 near the 
origin. 

By the biholomorphic invariance of the function h, it follows that /i£)i(p',B") = /i£)2(g-',B"). 
Then Theorem 11.21 assures us that the right hand side above converges to /i£)2 ^ (('0, — 1), B'^) . 
Furthermore, since dDi is strongly pseudoconvex near p^, by Theorem 13.21 we see that the left 
hand side above hn^ip' ,9"') ^ as j ^ oo. It follows that /idz.oc (('Oi I^") =0- a 
result, -D2,oo is biholomorphic to B" by virtue of Proposition 13.11 Therefore, the problem has 
been quickly reduced to investigation for the special case of model domains, namely, -D2,oo and 
B", which are algebraic. 

By composing with a suitable Cayley transform, if necessary, we may assume that there is a 
biholomorphism F from -Di^oo (which is biholomorphic to B") onto D2,oo with the additional 
property that the cluster set of at some point ('0, ta) G (9-D2,oo (for o G ffi) contains a finite 
point of dDi^oo- Then Theorem 2.1 of [15] tells us that extends holomorphically past the 
boundary to a neighbourhood of ('0, ia). It turns out that extends biholomorphically across 
some point ('0,ta°) G 9D2,oo- To prove this claim, it suffices to show that the Jacobian of -F 
does not vanish identically on the complex plane 

L = {('0,m) : a G M} C dD2,oo- 

If the claim were false, then the Jacobian of F"^ vanishes on the entire t(;n-axis, which intersects 
the domain -D2,oo- However, F~^ is injective on -D2,oo! and consequently, has nowhere vanishing 
Jacobian determinant on -D2,oo- This contradiction proves the claim. 

Furthermore, it is evident that the translations in the imaginary t(;„-direction leave -D2,oo invari- 
ant. Therefore, we may assume that ('0, ia^) is the origin and that F preserves the origin. Now 
recall that the Levi form is preserved under local biholomorphisms around a boundary point, 
thereby yielding the strong pseudoconvexity of 9^2, oo- In particular, Q2m{wi,wi) = which 
gives the strong pseudoconvexity of q^ G dD2- This contradicts the assumption that the Levi 
form of dD2 has rank exactly n — 2 at q^. Hence the result. □ 
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6. Continuous extension of isometries - Proof of Theorem 11.51 



The proof of Theorem 11.51 will be accomplished in several steps. The first step is to analyse 
the behaviour of the Kobayashi metric on a smoothly bounded pseudoconvex Levi corank one 
domain. 

Proposition 6.1. Let D be a bounded domain in C". Assume that dD is smooth pseudoconvex 
and of finite type near a point p^ G dD. Suppose further that the Levi form of dD has rank at 
least n — 2 near p^. Then for any e > 0, there exist positive numbers r2 < ri < e and C (where 
ri,r2 and C depend on A) such that 

d^A, B)>^ log -C, AeD\ B{p', n), B e ra) n D. 

Proof. By Theorem 3.10 of ^3], there exists a neighbourhood U of p^ in C" such that 
(6.1) Kd{z, v) ^ + + h , + 



for all z £ U D D and v a tangent vector at z. The neighbourhood U is so chosen to avoid 
the point A. Let 7 be a piecewise C^-smooth curve in D joining A and B, i.e., 7(0) = A and 
7(0) = B. As we travel along 7 starting from A, there is a last point a on the trace 7 with 
a G dU n D. Let 7(to) = o and denote by a, the subcurve of 7 with end-points a and B. 
Observe that the trace a is contained in an (5-neighbourhood of dD for some fixed 5 > 0. Here 
we choose (5 > in such a way that the ^-neighbourhood of dD does not contain the point A. 
Evidently, 

KD{l{t),j{t))dt> [ L<D{a{t),&{t))dt. 

'0 J to 

From this point, proceeding exactly as in the proof of Lemma 13.41 it follows using ()6.ip that 

\^(j(t),j{t))dt>^logj^^-C 
for some positive constant C. Now, taking the infimum over all such paths 7 yields 

as desired. □ 

Finally, we recall a localization result (Lemma 4.3 of |39j ) for the Kobayashi balls. The proof 
relies on the localization property of the Kobayashi metric near holomorphic peak points (see 
125J, iiH). 

Lemma 6.2. Let D C C" be a bounded domain and p^ G dD be a holomorphic peak point. 
Then for any fixed R > and every neighbourhood U ofp^, there exists a smaller neighbourhood 
V C U of p^ with V relatively compact in U such that for all z £ V Ci D we have 

Bd{z,cR) C BunD{z,R) C Bd{z,R) 

where c is a positive constant independent of z G V DD. 

Proof of Theorem \1.5[ The proof involves two steps. The first step is to show that / extends to 
Di U {p^} as a continuous mapping. Once this claim is established, the second step is to verify 
that / is continuous on a neighbourhood of in Di. 

To prove the first claim, assume, on the contrary, that / does not extend continuously to p^. 
It follows that there is a sequence of points s^ in Di with s^ — )• G dDi such that the 
sequence f{s^) does not converge to G dD2. Moreover, by hypothesis, there exists a sequence 
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p> G Di with — )■ and /(p-*) — t- q^. Consider polygonal paths 7-' in Di joining p^ and 
defined as follows: for each j, choose p^^,s^^ on dDi closest to p' and respectively. Set 
p' = p^ — \pP — s^\v{p>^) and = — — s^\v{s^^) where v{z) denotes the outward unit 
normal to dDi at 2: G dDi. Define 7-^ = 7^ U 73 U 73 as the union of three segments, where 

• 7^ is the straight line path joining p^ and p^' along the inner normal to dDi at the point 

• 72 is the straight line joining p> and , and 

• 73 is the straight line segment joining s^' and along the inward normal to dDi at the 
point s^^. 

Evidently, the composition / o 7-? yields a continuous path in D2 joining /(p') and /(«■')• Fix 
e > and for each j, pick points G dB{q^,e) n U2 on the trace(/ 07-'). Further, let P G Di 
be such that f{t^) = ■ Observe that the points lie on trace(7-') and hence P — )• p^ by 
construction. It is straightforward to check that the sequence f{t^) = converges to a point 

G U2ridD2, where is necessarily difi^erent from q^. Since strong pseudoconvexity is an open 
condition, we may assume that a tiny neighbourhood V C dD2 of q^ is strongly pseudoconvex. 
In particular, the same holds true for (this can be arranged by choosing e small so that 

G r'). Now, using the upper estimate ([23]) on the Kobayashi distance between two points 
converging to the same boundary point, we see that 

(6,2) <,(?>,(') < i log + If* - t'\) + ^ log (SdAC) + |p' - <'l) 

for all j large and uniform positive constant Ci. On the other hand, Corollary 2.4 of [23j implies 
that 

(0.3) (fM)) > i log + 1 log - C, 

for all j large and uniform positive constant C2. But we know that d^_^ {p' ,P) = {f{p'), fit'')) 
for all j. 

Assertion: 602 {f{p')) < C^5d2{p^) and (/(^"')) < C3'^D2(*"') foi" some uniform positive 
constant C3. 

If the assertion were true, then, comparing the inequalities (j6.2p and (|6.3p together with the 
above assertion gives that for all j large 

-(Ci + C2 + logC73) < i log {6dAp^) + - t^) + ^ log {6DAt') + Ip'' " i-' l) 
which is impossible. This contradiction proves the claim. 

To establish the assertion, fix ^ G Di. Now, by Proposition 16.11 it follows that 

(6.4) 4,,y,A)>llog^-C. 

for some uniform positive constant C4. On the other hand, the following upper estimate for the 
Kobayashi distance is well known: 

(6.5) ,i,^(n^U(A))<^_lo,^-±-y^^C, 

for all j large and a uniform constant C5 > 0. Use the fact that d'l)^{p^,A) = (/(p'), /(A)) , 
and compare the inequalities (|6.4p and (|6.5p to conclude that the assertion made above holds 
true. Hence, the first claim is completely proven. 
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Now, let be a sequence of points in Ui n Di with — t- a" G C/i H dDi. The goal now is 
to show that / extends continuously to the point a". To see this, pick a' G ?7i n Di such that 
f{a') G C/2 n -D2- This can be achieved using the continuity of the mapping /. There are two 
cases to be considered. After passing to a subsequence, if needed, 

(i) /(a^) ^6° G U2ndD2, 

(ii) f{a^) 6^ G f/2 n L>2 as j 00. 

In case (ii), observe that the quantity dij^^j^^[f{a^),f{a')) is uniformly bounded (say by R) 
because of the completeness of C/2 H D2- Therefore, for all j large 

4,(/(«^),/(a )) < 4.nD,(/(«^),/K )) < R- 

Using the fact d'^_^{a^,a') = d^^[f{a^),f{a')), we see that a' G Boiia^ , R)- Applying Lemma 
16.21 gives that a' G Buj^f^u-^^a^ , R/c) for some uniform constant c. This exactly means that 

du.nDM^a') <R/c. 

This is however a contradiction as d^j^^j^^ {a^ ,a') remains unbounded because of the completeness 
of UiCi Di. Hence, the sequence f{a^) — )■ 6" G C/2 H dD2 and consequently 6" belongs to the 
cluster set of a° under /. As before, we may assume that dD2 is strongly pseudoconvex at 
b^. From this point, proceeding exactly as in the first part of the proof yields that / extends 
continuously to the point . Since £ Ui Ci dDi was arbitrary. Theorem 11.51 is completely 
proven. □ 

7. KOBAYASHI METRIC OF A COMPLEX ELLIPSOID IN C" - PROOF OF THEOREM 11.61 

Let D be a domain in C", z £ D and v G C" a tangent vector at the point z. Recall that a 
mapping (j) G 0(A, D) is said to be a complex geodesic for {z, v) if (f)(0) = z and K£){z, v)(j)'{0) = 
V. A complex ellipsoid is a domain of the form 

E{2mi,...,2mn) = G C" : jzip'"! + . . . + |^„|2™n < 

where mj > for each j = 1, . . . ,n. It is well known that complex ellipsoids are convex if and 
only if ruj > 1/2 for j = 1, . . . ,n. Moreover, they are taut domains (i.e., 0{A, E{2mi, . . . , 2m„)) 
is a normal family) and hence, there always exist complex geodesies through a given point 
z G E{2mi, . . . , 2m„) and any tangent vector at the point z. The primary goal of this section is 
to describe the Kobayashi metric on the complex ellipsoids for the case mi > 1/2 and m2 = ■ ■ ■ = 
rUn = 1 - notice that these are exactly the domains E2m introduced in (1.1). To understand 
the Kobayashi metric on E2m, we use the characterisation of all complex geodesies (/> : A — t- 
E{2mi, . . . ,2mn), each ruj > 1/2, due to Jarnicki, Pflug and Zeinstra ([32]). Observe that it 
suffices to consider only those complex geodesies cj) = {cpi, ...,(/>„): A C" for which 

(7.1) (pj is not identically zero for any j = 1, . . . ,n. 

After a suitable permutation of variables, we may assume that for some < s < n, 

^ (pji^) for J = 1, . . . , s and 
G (pjiA) for J = s + 1, . . . , n. 

The main result of ([32]) that is needed is: 



(7.2) 



Theorem 7.1. A non-constant mapping (j) — (^i? • • • ? ^n) • A — y with | Y. i[ ) and ^T. ^ is a 

complex geodesic in E(2mi, . . . , 2m„) if and only if (p is of the form 

for J = l,...,s, 

l/ruj 

for j = s + l,...,n. 



0,(A) 



l-aoA 
A— a, 



1— 00-^ 
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where 

aj G C\{0}forj = 
oi, . . . , Os G A, ao, Os+i, . . . , a„ G A, 

n 

El |2m, 
I a j I ^ a j , 

l + |ao|2 = ^|ajf"^^(l + |a,|2), 
i=i 

the case s = 0, ao = ai = ■ ■ ■ = an is excluded and, 
the branches of powers are such that 1-^/™^ = 1, j = 1, . . . , n. 

Proof of Theorem \l.(k We proceed by induction on the index n. First, note that the case n = 2 
is Theorem 2 of [10] , Next, assume that the result holds for all integers between 3 and n — 1. 
To prove the inductive step, fix (p, 0, . . . , 0) G E2m and (ui, . . . , Vn) G C". The main objective 
is to find an effective formula for r = KE2m {{P-> 0, • • • , 0), (fi, . . . , Vn))- It is well known (see, for 
example. Proposition 2.2.1 in [3T]) that if p = 0, then 

^ = KE2m ( (0, 0, . . . , 0) , (Ui , . . . , = QE^^ {vi,...,Vn) 

where qE2ni, denotes the Minkowski functional of E2m- Furthermore, 1/ qE2m,{'^i-> ■ ■ ■ ■>'^n) is the 
only positive solution of the equation 

\Vn? _ . 



{(lE2n,{vi,---,Vn)?"' {qE2,^{vi,---,Vn)f ' ' (^Ea^ (vi , . . . , i;„)) 

For < p < 1, if ?) = {v2, . . . , Un) = 0, then 

Ifi I 

^ = ^i?2™((P,0,...,0),(i;i,...,0)) = Ka(p,^^i) ' ' 



Hence, we may assume that v ^ in the sequel. 

Let : A — )• be a complex geodesic with (j){0) = (p, 0) and rcp'^O) = (vi, . . . , Evidently, 
is not identically zero and (/>2 , . . . , (/'n cannot be identically zero simultaneously. Suppose that 
= ■ ■ ■ = (pn = 0, then the mapping (j) = ((/>!, (/)2, (/>3) : A E{2m,2,2) C is a complex 

geodesic through the point (p, 0, 0) in E{2m, 2, 2) and consequently, 

T = KE2m ((P'O' • • • ,0), {Vi,. . .,Vn)) = KE(^2m,2,2) ((P,0,0), {vi,V2,Vs)) . 

The right hand side above is known explicitly by induction hypothesis, thereby, yielding an 
explicit formula for r. The above analysis shows that we may assume that (pj is not identically 
zero for any j = 1, . . . ,n. This assumption does not restrict the generality, since mappings with 
zero-components are exactly lower dimensional complex geodesies, as observed above. Then, (p 
satisfies (HH) and (H^l) (with s = or s = 1). 

Consider the case s = 1 first. Applying Theorem 17.11 gives that 

1 — aiX ^ ' 



1 — OqA 



, / , s / A — a, \ / 1 — a, A\ „ 
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where aj , aj are as stated in Theorem 17. li It follows that 

(j){0) = (ai, —a2a2, ■ ■ ■ , — a„a„) and 
(j)[{0) = ai(Qo - ai)/m, 

(f>'j{0) = ttj ((1 — |aj|^) — aj{ao — aj)) for j = 2, . . . , n. 
But we know that </>(0) = (p, 0) and t0'(O) = (ui, . . . , Vn)- Therefore, 

ai = p, a2 = • • • = an = 0, and 
Tp{aQ - ai)/m = vi,Ta2 = V2, ■ ■ ■ ,Ta„ = Vn- 

These conditions, in turn, imply that 

ao = p^"^ai, and 

1 + |aoP = (l + |aiP) + |a2p + • • • + |a„|^ 

and consequently, 

TpQi(p^™ — l)/m = t^i, and 

or equivalently that 

^ V (l-p2'»)2 + l_p2m i_p2m^ P + • • • + I ^ " ^ ' 

For the second case, when s = 0, let n and t be parameters as defined by equations ()1.7p and 
(jl.81) respectively. Observe that u > p and the parameter i is a solution of 

(7.4) (m - - {u^ + 2m(m - l)^^) t + rr?p^ = 0, 

and hence, satisfies < t < 1. As before. Theorem 17.11 applied once again gives 

A — ai \ / I — aiA ^ ' 



01(A) = ai - \ / I 1 - X 

where aj , aj satisfy the conditions listed in Theorem 17.11 It is immediate that 
<p{0) = {—aiai, . . . , — a„a„) and 
4>\{0) = ai ( (1 - |aip) - — (ao - ai) ) , 
</)j(0) = Qj ((1 — |aj|^) — aj(ao — ctj)) for j = 2, . . . , n. 

It follows that 

— aiai = a2 = • • • = On = 0, and 

rai (1 - |aip - — (ao - ai) ) = vi,Ta2 =V2,.. .,ran = Vn- 
\ m / 

As a consequence, 

ao = |ai|^"^ai, and 
1 + |aoP = |aip" (1 + |aip) + |a2p + • • • + |a„p, 
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so that 

(7.5) ^ = ^(l-Kl'-^(^-l)h and 







(.-. 






r 


\ai\ 




pirn 






lail^'"- 


■2 


|ai|2"^ 



r2 ' r2 



Writing |ai| = a, the goal now is to solve the equations (j7.5p and (j7.6p for a. To achieve this, 
first eliminate r from the above two equations, so that 



{{m - l)a2™ _ ma^rn-2 ^ ^2m^2 ^ ^2|^^ 



2 



Q,4m-2 _p2m^2m _ p2m^2m-2 p4m ^2 (-[^^p H \- \vr, 

But the right hand side above is exactly the quotient /p^ and hence, 

p2 ((m - l)a2™ - ma2— 2 + /™)2 = 



2 /'„,4m,-2 p2m^2m _ ^2m^2m-2 _j_ p4m'^ 



U [a 



The above equality can be rewritten as (refer Example 8.4.7 of [31]) 

(7.7) a^"^ - ta^""-^ - (1 - t)/"^ = 0, or 

^ ^ n2" tn2 " + 

Further observe that the equation (|7.7p is equivalent to 

(7.8) a = fe{2m,2) (p(l -0^,*^) , 

where qE{2m,2) denotes the Minkowski functional of E{2m,2) = |z € : l^ip"^ + |z2p < l}, 
and therefore satisfies 

|z;i|2- \V2\^ _ 



{QE{2m,2) {Vl , f 2)) ^"^ {qE(2m,2) (?^1 , ''^2)) ^ 

It follows from the formulation (|7.8p that the equation (j7.7p has a unique solution a in the open 
interval (0, 1). Once we know a rather explicitly, it is easy to compute r - Indeed, substituting 
()7.7p into the expression (j7.5p yields 

9rr) — 1 I I 

ma \vi\ 



p (m(l -t)+t) (p2m _ a2m-2) 

which, in turn, equals 

ma(l — t)\vi\ 

(7.9) T = — TTT-, — ^ r whenever u > p. 

^ ^ p{l - a^) {m{l - t) + t) ^ 

The equations (j7.3p and (|7.9p together give a comprehensive formula for the infinitesimal Kobayashi 
metric of the ellipsoid E2m- 

We assume that m > 1/2 for the rest of this section. To complete the proof, it remains to 
establish smoothness of KE2m- To this end, we first show that away from the zero section of the 
tangent bundle of the domain E2mi both expressions (|7.3p and (|7.9p are C^-smooth in each of 
the variables p, vi, . . . , "Un. While it is straightforward to infer smoothness from ()7.3p . to verify 
the claim for (17. 9p . the following observation will be needed: The Kobayashi indicatrix of the 
complex ellipsoid E{2m,2) at the origin, i.e., {(^1,^2) S : i^£;(2m,2) ((0, 0), (vi, ^2)) = 1} 
is given by the equation + |f2p = 1- The indicatrix is evidently C"^ since m > 1/2. 

As a consequence, the Kobayashi metric i^£;(2m„2) ((0)0); (^i)^^2)) must be a C^-function of the 
variables vi and V2- Equivalently, the Minkowski functional qE{2m,2) of the domain E{2m,2) 
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(which equals K^^2m,2) ((0, 0), (wi, ^2))) is C"^. It follows from (j7.8p that a is C-'^-smooth with 
respect to the parameter t, which in tmm, varies smoothly as a function of p, wi, . . . ^Vn- This 
proves the claim. 

Recall that every point of i?2m is in the orbit of the point (p, 0) for < p < 1. Moreover, since 
the action of the automorphism group of £'2m is real analytic, to conclude that K^^^ is C^, it 
suffices to show that the Kobayashi metric is C^-smooth at the point v = {vi,v) 7^ (0,0) in the 
tangent space T^^ Q)E2m = with u = p. We will show that for each j = 1, . . . , n, 

(7.10) hm ^^^{{p,0),{v,,v))= lim ((p, 6), (r;i, i))) , and 

p>u-^p 0\Vj\ ' p<u~^p 0\Vj\ ' 

(7.11) lim ^^((p,0),(t;i,t)))= lim ((p, 0), (t;i, t))) . 
When u < p, we have 

Ke,^ ((p,0),(^;i,^;)) = (l_p2m)2 + l_p2m +---+ l_p2m ) 

from which it follows that 

(7.12) hm ((p,6),(.;i,i))) = and 

p>u^p 0\Vi\ \ — p'^m 



(7.13) hm ^|^((p,0),(^;l,^)) = ( 

p>u^p 0\V2\ V 



The computation in the second case, < p < u, will involve several steps. To begin with, 
differentiating (j7.4p with respect to gives 

dt _ 2uH 
d\vi\ ~ ~ 2(m - l)p2 [mil -t)+t)+v?' 

which implies that 

7-14 hm 7^ = 7. K'2r + --- + bnr) • 

p<u-!>p C7|ui| (1 — 2m)p ^ 

Difi^erentiating ()7.7p with respect to | | quickly leads to 

(7.15) 2 (ma^— 1 _ (,n - l)ta2— 3) ^ = (a^™-^ _ 2„^^ 

Taking the limit as u tends to p from above in (I7.15p . and using (]7.14p . we get 

(7.16) hm Tj^= // |t^2p + --- + h^nP ^ . 

Moreover, it is straightforward to check that 

(7.17) lim t = 1 and lim a = 1. 

p<u—^p p<u^p 

Also, observe that the equations (|7.7p and (|7.4p are equivalent to 

1-t _ a2m-2 2 ^ p2(^(i_^)^^)2 



and It 



1 - a2 a2'"-2 - p2m 
respectively, so that (17. 9p can be rewritten as 

^E2^ ((p,0),(z;i,t;)) = ^2m-2_p2m + " " " + " 
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which upon differentiation turns out to be 

dKE,^ A,, {{2m-l)a^'^-^ da a^— i dt 



2(m - l)a^™-4 da 



So that 



(7.18) hm ^;i2iiL((p,6),(^;i,^})) 



owing to dZH]), fTTB]) and (fTTTl) . The expressions (17^2]) and fTTS]) together verify that fTJO]) 
holds for j = 1. Furthermore, a similar computation yields that 

9t 2p , 2| |2 2| |2 2| |2\l/2 



I 2| |2 2| |2 2| |2\J-/^ 1 

— — -5- (m \vi\ -p t>3 p \Vn\ ) , and 

(2m — Ijm^lt^il^ 



1™ ;ii I 

p<u~^p 0\V2\ 

da p(l_p2m^ 

1™ — 1=7^^ TV^i — f2 ("^ ^1 -P ^3 P K"" j 

P<u^p c)\v2\ (2m — Ijm^luil^ ^ ' 



Consequently, we find that, in agreement with the first case (cf. ()7.13p ) 

OKe^, . f m>ip -p^|t;3p p'^Kl'^ y^^ 

p<u^p d\v2\ V m2|tii|^ y 

Finally, an argument similar to the one used above shows that 

hm ^^{(p,6),(vi,v))= hm ^^{(p,6),(v,,v)) 
p>u^p d\vj\ ^ ' p<u^p d\vj\ ^ ' 

for each j = 3, . . . , n. 

In the third case, = p < n, the Kobayashi indicatrix of £'2m at the origin, defined as 

{7;GC":ir£;,„((0,...,0),(i;i,...,i;„)) = l}, 

is given by the equation + \v2\^ + • • • + |fnP = 1- Since m > 1/2, the indicatrix is 

which, in turn, implies that the Kobayashi metric i^^^am ((Oi • • • ) 0), (t>i, . . . , Vn)) is also . 

To conclude that Ke^^ is C^, it remains to verify that (I7.1ip holds. Evaluating the left hand 
side first, note that from ()7.3p . we obtain 

Xrai Ke^^ ((p,0),(wi,t})) = — r^^j;^- 

p^u+ U[l — 

On differentiating (j7.3p with respect to p, we have that 

2Ke,^ Hp, 6), (.1, ^)) {{p, 6), ivuv)) = J^^^ (I.2P + • • • + \Vn\') 

2m^(m — l)p^™~3 . ,2 4m3p^™'~3 . .o 
H 9 \vi\ H o f 1 . 

(l-p2m)2 (l-p2m)3l 

Letting p — )• n"*", and using the above observation, we get 

Working with the right hand side of (17.1ip . observe that 

lim t = 1 and lim a = 1. 
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It follows from the definition of the parameter t that 

dt _ 2p(m(l - t) + tf 
dp 2p'^ (m — 1) + 

which implies that 

dt 2 

(7.19) hm 



p-^u- dp (2m — l)u' 
To compute da/ dp, we differentiate both sides of (j7.7p . After simplification, we get 

(2ma2— 1 - 2t{m - l)a^^-^) ^ = (a^— ^ ^ + 2m(l - t)/— i, 

dp dp 



so that 



da 1 



u 



2m 



(7.20) lim — , 

p-s>n- dp {2m — l)u 

Using (|7.9|) to write the derivative of KE2m with respect to p, it follows, by virtue of (j7.19p and 
(11201), that 

dKE. n , mu2™-2 (n2™ + 2m - 1) , , 

as required. This finishes the proof of the theorem. □ 

8. Proof of Theorem 11.71 

Suppose that there is a Kobayashi isometry / from Di onto D2 with S clf(jp), the cluster 
set oi p^ . Firstly, from the explicit form of the defining function for C/i n dDi, it is clear that 
dDi near p^ is smooth pseudoconvex and of finite type with Levi rank exactly (n — 2). 

Assume that both p^ = Q and = d and choose a sequence p^ = ('0, G t/i PlDi on the inner 
normal approaching the origin. By Theorem 11.51 it readily follows that / extends continuously 
up to p^. As a consequence, q^ = /{p') converges to q^ which is a strongly pseudoconvex point 
in dD2- The idea is to apply the scaling technique to (Di, D2, f) as in the proof of Theorem 
II. 4[ To scale Di, we only consider dilations 

/ i_ _i _i 

A^{zi,Z2,...,Zn-l,Zn) = ^""Zi^S- ^Z2,--- ,6- ^Zn-l,Sj'^Zn 

Note that {'0, —5j) = ('0,-1) for all j and the domains = A^{Di) converge in the 
Hausdorff sense to 

Di,oo = {2 E C" : 2Kz„ + Izip"^ + \z2f + ■■■ + \zn-i\^ < 0}, 

which is biholomorphic to E2m- 

While for D2, we use the composition o h^' as in Section 5 - we include a brief exposition 
here for completeness: Consider points ^-^ G dD2 defined by = q^ + {'0,ej), for some ej > 0. 
As before, h^^ are the 'centering maps' (cf. [53]) corresponding to € dD2, and are the 
dilations 

It was shown in [33] that the dilated domains D2 = o h^'' {D2) converge to 

D2,oo = {weC : 2'^Wn + \wi\^ + 1^2!^ + • • • + k„-iP < 0} 
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which is the unbounded representation of the unit bah in C". Among other things, the fohowing 
claim Wcis vcrifiGci in [5Q| ' For w G -^^2,00? 



(8.1) 

uniformly on compact sets of I?2,oo- As a consequence, the sequence of Kobayashi metric balls 
B^j {■,R) Sd2,oo i-^R)^ and, for large j, 



^2 



Bd.^ {■,R) C B^j {■,R + e), and 



(8.2) B^,{.,R-e)cBD,,^{;R). 

The scaled maps = o h^^ o / o (A^)~^ : — )• D2 are isometries in the Kobayashi metric 
on and D2 and note that /^('O,— 1) = ('0,-1) for all j. Exhaust L'l^oo by an increasing 
union {K^,} of relatively compact domains, each containing ('0,-1). Fix a pair Ki compactly 
contained in K2 say, and let uj{Ki) be a neighbourhood of Ki such that uj{Ki) C i^2- Since the 
domains converge to Di^^o, it follows that u}{Ki) C K2 is relatively compact in for all j 
large. Now, to establish that admits a convergent subsequence, it will suffice to show that 
restricted to u{Ki) is uniformly bounded and equicontinuous. For each z S K2, note that for 
all j large. 



ifiz), ('0, -1)) = 4, {z, ('0, -1)) < {z, ('0, -1)) + 6 

where the last inequality follows from Proposition 13.61 Observe that the right hand side above 
is bounded above by a uniform positive constant, say R > 0. Therefore, by Proposition 13. 7( it 
follows that 

(8.3) f{K2) G B^, (('0, -1), i?) C Bd,,^ (('0, -1),R + e) , 

which exactly means that {f^{K2)} is uniformly bounded. 

The following observation will be needed to deduce the equicontinuity of restricted to uj{Ki). 
For each z £ u}{Ki), there is a small ball B{z, r) around z with radius r > 0, which is compactly 
contained in u}{Ki). For R' ^ 2R, we intend to apply Lemma 13.51 to the domain D2 with the 
Kobayashi ball B^^ (('0, — 1), i?') as the subdomain D' . Let z £ B{z,r), then, for f^{z),f^{z) 

as p and q respectively, and R' /2 as b, it can be checked that all the conditions of Lemma 
are satisfied. So that 



<.(P(^),/^(^)) d%{P{z),P{~z)) 
tanh - d^, (P(z), p (z))) tanh (f - 2r) 



(8-4) 4 ,ii%-i),R'){P{^\P{^)) 



where the last inequality above is a simple consequence of triangle inequality and 

Furthermore, it turns out that for any small neighbourhood W oi £ dD2 and for all large j, 
Bd2,oo (('0, -1), -R' + e) C o hi' {W n D2). On the other hand, let i? > 1 be such that 

hi'{WnD2) C G C" : l^ip + ••• + |u'„_i|2 + + < R^} 

C{we C" : 2R{'>flwn) + kiP + • • • + \wn-i\^ <0} = Do^ B". 

Observe that leaves the domain Dq invariant for each j, therefore, we may conclude that 

Bd,,^ (('0, -1),R' + e) C o hi\w n D2) CDo^ B". 

Now, using the explicit form of the Kobayashi metric on B", it follows that 

(8.5) IfHz) - fCz)\ < d'h, {f{z),f{z)) < 4^^^^((,o,„i),«.+,) {f{z),f{z)) . 
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While from (j8.2p . we see that 

(8.6) d% ((,o,-i),ii'+.) {fiz),Piz)) < 4 ^((,o,-i),RO /'■(^)) • 

Finally, we deduce, using the expression for the Kobayashi metric (which equals the Poincare 
metric) on B{z,r), that 

(8.7) d'^, {fiz),fiz)) = d'^Az,z) < 4(.,r)(^>^1 < k - ^1- 
so that 

W{z)-fHz)\<\z-z\ 

by virtue of (j8.5|) . (j8.6p . (j8.4p and (j8.7p . Hence, there is a well-defined continuous limit of some 
subsequence of f^. Denote this limit by / : Di,oo — ^ -^2,00- The proof now divides into two 
parts. The first part is to show that / is an isometry between Di^^o and 1)2,00 and the second 
step is to show that / is either holomorphic or anti-holomorphic. 

I. / is an isometry 

If / were known to be holomorphic, then the maximum principle would imply that f Di^oo — ^ 
D2,oo- However, / is known to be just continuous. To overcome this difficulty, consider 0,i C 
Z)i,oo, the set of all points z € Di^^o such that f{z) G L'2,oo- Note that / (('0, -1)) = ('0, -1) € 
1^2,00 and hence Oi is non-empty. Also, since f is continuoiis, it follows tliat is open in D\^oo- 

Assertion: d'l)^ ^{p,q) = d%^^ (/(p),/(g)) for all p, g G fli. 

Grant this for now. Then, for s € dQi Pi Di,ooi let G Qi such that — )• s. Assuming that the 
assertion holds true, we have that 

(8-8) 4,,^ (s^ ('0, -1)) = 4.,^ {fV), ('0, -1)) 

for all j. Since s £ dQi n Di^oo, fi^'') 

converges to a point of (9Z)2,oo* Furthermore, -^^2,00 Is 
complete in the Kobayashi metric, and hence, the right hand side in (18. 8p is unbounded. However, 
the left hand side remains bounded again because of completeness of -Di,oo- This contradiction 
shows that = D^oo- In other words, / : Di,oo D2,oo and d)j^^{p,q) = d]^^^{f {p) , f {q)) 
for all p, g G -Di,oo- 

To verify the assertion, recall that d^ j{p,q) = d^ . (f^ (p), (q)) for all j. The statement 

^1 ^2 

4j (p^ 9) ~^ (P^ *?) follows from the proof of Proposition 13.61 Hence, it remains to show 

D-^ 1 ,00 

that the right hand side above converges to 42 00 (^f(p)^fil)^- achieve this, note that 

iPip), fig)) - d%^ ifip), m) I < 4, ifip), hp)) + 4, (/((?), fiq)) 

by the triangle inequality. Since f^{p) — >• f{p) and D2 — >■ -D2,oo) it follows that there is a small 
ball B(^f{p),r) around f{p) which contains /■'(p) and which is contained in D2 for all large j, 
where r > is independent of j. Thus 

d%^[P{p)J{p))<\f{p)-hp)\. 

Similarly, it can be checked that d^ j(^f{q), (q)) is arbitrarily small. Furthermore, it follows 

2 ^ _ 

from (|8.ip that d^ ^ [f (p) , f (q)) — )• d^j-,^ ^iyf {p) , f {q)) . Hence the assertion. 
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Next, we claim that / is surjective. To see this, consider any point G 9(/(Di_oo)) H D2,oo and 
let P G /(-Di,oo) satisfying t°. Pick G Di^^c such that f{s^) = P. Then 

4,,^ (('0, -1), = 4.,^ (/(('o, -1)), /(^^■)) 

There are two cases to be considered depending on whether s-' — )• s G dDi^^ or — )• s'' G -Di,oo 
as j — )• oo. In case — )• s, observe that the right hand side above remains bounded because 
of the completeness of -D2,oo- But left hand side is unbounded since Di ^o is complete in the 
Kobayashi metric. This contradiction shows that — )• s° G -Di,oo5 which, in turn, implies that 
f{s^) = t^. Now, consider the isometrics (/■')~^ : D2 — )• D^. Exactly the same arguments as 
above show that some subsequence of (/■')~^ converges uniformly on compact sets of -D2,oo to 
9 ■ -^2,00 — ^ ^i,oo- It follows that fog = ido2 00 • particular, / is surjective and / is a isometry 
between Di^oo and 1)2,00 iu the Kobayashi metric. 

II. / is (anti)-holomorphic 

The proof of the fact that / is a biholomorphic mapping follows exactly as in [51]. To outline 
the key ingredients, the first step is to show that / is differentiable everywhere, which implies 
that the Kobayashi metric Ko^ ^ is Riemannian. By Theorem 11.61 we know that KE2m 
equivalently that K^^^ is C-^-smooth. Recall that Di ^o ~ and -D2,oo ~ K"- So that / 
after composing with appropriate Cayley transforms, leads to a continuous isometry F between 
two C^-smooth Riemannian manifolds (S2m;-f'^2m) and (B",iCB")- Applying the Myers-Steenrod 
theorem repeatedly to F, yields the desired result. 

Once we know that F : — ^ IB" is holomorphic, which, additionally, may be assumed to 
preserve the origin, it follows that 2m = 2. Indeed, F is a biholomorphism between two circular 
domains, and B" such that F{0) = and is, hence, linear. In particular 2m = 2. Said 
differently, there are holomorphic coordinates at in which a tiny neighbourhood around 
can be written as 

{z G C" : 2?R.Zn + l^il^ + 1^21^ H h {zn-il"^ + higher order terms < O}, 

which violates the assumption that the Levi rank at G dDi is exactly n — 2. Alternatively, 
one can use Theorem ll.4l or results from [5j to arrive at a contradiction. Hence the theorem. □ 

9. Appendix 

The group of all polynomial automorphisms of C" is usually denoted by GAn{C) and two special 
subgroups of GAn{C) are the affine subgroup 

AfniC) = {Fe GAniC) : deg(F) < 1} 

and the triangular subgroup 

BAn{C) = {F e GAn{C) : Fj = ajzj + Hj where aj G C* and Hj G C[zi, zj-i]} 

whose members are also called elementary automorphisms. 

The Jung-van der Kulk theorem says that every polynomial automorphism in dimension n = 2 
can be obtained as a finite composition of affine and elementary automorphisms; using this fact 
it can be derived (cf. }21] ) that the degree of the inverse of a polynomial automorphism of 
is the same as the degree of However, these facts are known to be false in higher dimensions. 

The weight of a polynomial automorphism - or more generally a polynomial endomorphism of 
C" - is by definition the maximum of the weights of its components. 
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Let us assign a weight of l/2m to the variable zi where m G N, 1/2 to the variables z^ for 
all 2 < a < n — 1 and 1 to the variable z„ as in the introduction and consider the collection 
= <?(i/2m,i/2,i)7 of weight preserving polynomial automorphisms of the form 

F{z) = {aiZi+bl,A{"z) + P2{zi),anZn + bn + Pn{'z)) 

where "z = {z2, ■ ■ ■ , Zn-i), ' z = (zi, . . . , Zn-i), A is an invertible affine transform on C"~^, P2 is 
a vector valued polynomial all of whose components are polynomials of weight at-most 1 /2 and 
Pn is a polynomial of weight at-most 1 while hi, hn G C and ai, 6„ G C* = C \ {0}. In general, 
it is not true that the degree (resp. weight) of the inverse <I>~^ of a polynomial automorphism 
<I>, is same as the degree (resp. weight) of ^. However, since £l consists of 'elementary like' 
polynomial automorphisms that preserve the weight of each component, we have that the weights 
of the components of the inverse of F is same as those of F, for each F G S^. Indeed, note that 
the inverse of F is given by 

F-\z) = (a^Hzi - 61), - P2(ar'(^i - h))),a-\zn - - P^C^))) 

where Pni'z) = Pn(a^^{zi — bi),A~^(^z — P2{ai^{zi — 61)))^ It is easy to see that F~^ lies in 
£l- Next note that if we pick another G £ £l given by 

G{z) = {cizi + di,B{"z) + Q2{ ZljiCn Zji + dn+Qn(!z)) 

say, then 

G{F{z)) = (ciaizi + C161 + di,BA{"z) + BP2{zi) + Q2{aizi + 61), 

+ dn + Qn{ciZi +di,A('z) +P2{zi))] 

which is again in <?(i/2m, 1/2,1) completing the verification that E-l is a group. In fact noting that 
£l is in bijection with a product of finitely many copies of C^^ \ {0}, for some M,N G N 
and GL„_2(C) we see that £l is a non-singular affine algebraic variety; next noting that the 
composition of maps in £l when viewed as an operation on the various coefficients here, is a 
polynomial operation on these coefficients and likewise for taking inverses as well, we conclude 
that £ is a complex algebraic group. 

Recall the special reduction procedure for the Taylor expansion of any given smooth defining 
function for a piece of Levi corank one hypersurface. Let S be a smooth pseudoconvex real- 
hypersurface in C" of finite type with the property that the Levi-rank is at-least n — 2 at each 
of its points. We assume that the origin lies in E and that the D' Angelo 1-type of the points 
of S is bounded above by some integer 2m. Let r be a smooth defining function for S with 
dr/dzn{z) 7^ for all z in a small neighbourhood U in C" of S such that the vector fields 

Ln = d/dzn, Lj = d/dzj + bj{z, z)d/dzn, 

where bj = [dr/dzn) dr/dzj, form a basis of Cr(i'0)(f7) and satisfy Ljr = for 1 < j < n — 1 
and for each z £ U, all eigenvalues of ddr{z){Li, Lj)2<ij<n-i are positive. 

The main objective of this reduction procedure is to obtain a certain normal form near C S J7 
in which there are no harmonic monomials of weight less than one, when weights are taken with 
respect to the inverses of the multitype at C ^ U. Recall that Levi corank one hypersurfaces are 
/i-extendible i.e., their Catlin multitype and D' Angelo multitype agree at every point. 

We digress a little here, to recall and introduce the term 'weakly spherical' used in the intro- 
duction. First, we recall the notion of weak sphericity of Barletta - Bedford from [7]: a smooth 
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pseudoconvex hypersurface M C of finite type 2m at p £ M can after a change of coordinates 
centered at p = 0, be defined by a function of the form 

k 

25RZ2 + P2m{zi,Zi) +9^2^<5K^l) + (^2m+l{zi) + (T2(9z2) + (9^2)o-m+l (^l) 

1=1 

Here P2mizi, zi) is a non-zero homogeneous subharmonic polynomial of degree 2m without 
harmonic terms, the Q/'s are homogeneous polynomials of degree / and the cjj's vaish to order 
j in zi or ^2:2. To put it succintly, the lowest weight component in the weighted homogeneous 
expansion of the defining function with respect to the weight (1, l/2m) given by the type, is of 
weight one and of the form 23?Z2 + P2m{zi,zi). Now according to [7j, M is weakly spherical at 
p if P2m{zi,zi) = = \z'^\^ - note that a 'squared norm of a polynomial' of weight 1/2 

in the single variable zi, is necessarily of the form c|zip™ for some positive constant c. We 
may extend this notion to higher dimensions for /i-extendible hypersurfaces as follows: call a 
smooth pseudoconvex hypersurface M C C" which is /i-extendible at a point p G M, to be 
weakly spherical at p if there is a change of coordinates that maps p to the origin, in which the 
lowest weight component of the weighted homogeneous expansion of the defining function of M 
about p € M which we may assume to be the origin, performed with respect to the weights 
given by the inverse of the multitype (m^, • • • , mi) of M at p = 0, is of the form 

23f?z„ + |Pi('z)|2 + ... + |P„_i('z)|2 

which when expanded is of the form 

2^Zn + cilzil™" + C2|z2r"-i + . . . + c„_i|z„_iP2 + mixed terms 

where the phrase 'mixed terms' denotes a sum of weight 1 monomials annihilated by at-least 
one of the natural quotient maps C['z, 'z] — )• C['z, 'z]/ {zjlk) for 1 < j. A: < n — 1, j 7^ k. 

Now, the mixed terms involving the z^'s for 2 < a < n — 1, must be of the form ZaZji where 
2 < /3 < n — 1 with /3 7^ a, since wt(2;Q,) = 1/2. An application of the spectral theorem, removes 
the occurrence of such terms with a ^ 13. The remaining mixed terms must be of the form Zaz\ 
where 2 < a < n — 1 and 1 < j < m and constitutes the polynomial 

n—l m 
a=2j=l 

say. Then an application of the change of variables given by 

Wi = Zi, Wn = Zn 

Wa = Za — P{zi) for 2 < a < n — 1 

m 

where P{zi) = ^ b^z]^, removes the occurrence of such terms as well and the transformed 
defining function when expanded about p = reads 

2KZ„ + + |Z2P + . . . + |z„_lP + R{Z,Z) 

with the error function R{z,z) — )• faster than atleast one of the monomials of weight 1. The 
domain Di in the hypothesis of theorem 11.71 has its defining function about a boundary point p 
in the above form; we shall say that p is strictly weakly spherical if the integer m > 1. 

Getting back from this digression about weakly spherical Levi corank one hypersurfaces, to the 
afore-mentioned reduction procedure for arbitrary Levi corank one hypersurfaces, we recall that 
it can be split up into five simpler steps - for C S [/, the map <!>'' = ^5 o ^4 o ^3 o (^2 o 4'i where 
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each (pj is described below. 

The first step is to normalize the linear part of the Taylor series as in (jl.2p . Recall that this was 
done via the affine map (pi given by 

4'l{zi, ... ,Zn) = (^Zi- Cl,... ,Zn-l 
= (^1 - Cl, • • • ,Zn-l 

where the coefficients bn = {dr / dzniCi) ^ ^-iid ftj are clearly smooth functions of C, on U. 
Therefore, (pi translates C, to the origin and 

r{(j)'^^{z)) = r{C,) + 21kzn + terms of higher order. 

where the constant term disappears when C G S. 

Now, since the Levi form restricted to the subspace 

= spanc„(L2, . . . ,Ln-i) 

of T^'^^ ((917) is positive definite, we may diagonalize it via a unitary transform 02 and a dilation 
03 will then ensure that the Hermitian ~ quadratic part involving only 2:2, -23, • • • , Zn-2 in the 
Taylor expansion of r is \z2\^ + |z3p + ... + |2:„_2p- The entries of the matrix that represents 
the composite of the last two linear transformations are smooth functions of C and in the new 
coordinates still denoted hy zi, ... Zn, the defining function is in the form 

n—1 m n—1 

(9.1) r{z) = r(C) + 2Kz„ + ^ 25R((a,"z^ + bpi)za) + 2K ^ c^zl 

a=2 j=l a=2 
n—1 n—1 

2<j+k<2m a=2 a=2 j+k<m 

j,k>0 

+ Oi\zn\\z\ + \z,\^\z\ + |z,||zir+i + |zi|2-+i) 

This still does not reduce the quadratic component of the Taylor series as far as we can; more 
can be done: the pluriharmonic terms of weights upto 1 here i.e., z"^ as also ZiZa,ZiZa 
can all be removed by absorbing them into the normal variable Zn by the following standard 
change of coordinates 04 given by 

Zj =tj (1 < J < n - 1), 

Zn — tn Ql (^1 ) ■ ■ ■ 5 ^n— 1) 

where 

2m n—1 m n—1 

Ql{h, - ■ ■ , tn-l) = ^ a-koti - ^ ^ a%tat\ — ^ Cat^ 
k=2 a=2 k=l a=2 

with coefficients that are smooth functions of C,. 

The final step removes all other harmonic monomials of weight upto one remaining in (19. ip . 
rewritten in the t-coordinates, which are of the form t\ta by applying the transform 05 given by 

ti = Wi, tn = Wn, 
ta = Wa — Q2{wi) (2 < a < n — 1) 
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n-1 



Cn-l,(zn-Cn-^65(z,-0))(6^)-^ 



C„-i,(KC),^-C)) 



where 

m 
fc=l 

with coefficients smooth in C, as before (since aU these coefficients are simply the derivatives of 
some order of the smooth defining function r evaluated at (). 

We then have that the composite of these various simplifying maps is as given in (II. 4p and 
the normal form for the Taylor expansion as given in ()1.3p . Further, <I>^ belongs to the group 
£l for each fixed ( £ U. In particular, the collection {Qc;, where ( varies over points in the 
tubular neighbourhood U oi T, and is the biholomorphically distorted polydisc (5(C;£(C)) ~ 
which is also the ball of radius e(C) about C in the pseudo-distance d defined at (ll.6p - forms 
an atlas of special charts, giving U the structure of a £^i-manifold i.e., the associated transition 
maps lie in the complex Lie group £, the group of weight preserving, elementary-like, weight 
one polynomial automorphisms described above. 

We need to compute the inverse ^'^ = (<I>^)~^ in the last subsection of Section [2j Let 

(9.2) {wu...,wn) = '^H^) = (^1 - Ci, G'c(i - C) - Q2{zi - Ci), (^(C), ^ - C) - Qii'z - '()) 

where Q2 '■ C ^ C"^^ is a polynomial map whose components are the polynomials Q2 as above. 
Now, we find out the components of the first component of which is 

(9.3) Zi=wi + Ci 

Next, w = G(^{z — C) — Q2{zi — Ci) i-e., G^(5 — () = w — Q2(u^i) so that 

(9.4) z = H^{w + Q2{wi)) + C 
and finally 

Wn = W{C),Z-C)-Ql(z-'C) 

= dr/dzniOizn -Cn) + Yl dr/dzjiC){zj - 0) - Qii'z - '0 

Now note that z — C = H(^{w + Q2{'Wi)) . So Qi{zi — Cij z — C) = Qi {wi,H(^{w + Q2iwi))) and 
subsequently, 

n-2 

Wn = dr/dZn{0{zn - Cn - X] ^i^^J ~ '^^^ ~ ^l^^^ ~ "^l^) ~ Ql{wi, Hi;{w + Q2iwi))) 

= (bi)-' (z„ - Cn - (6^, z - C) - biwi) - Qi {wuH^iw + Q2{wi))) 
and subsequently, 

biwn = (^Zn - Cn - (b'' , Z - C) - b^Wi^ - (tt^i , i/^ (lU + Q2iwi))) 

giving finally that the last component oi z = ^(^(w) is of the form 

(9.5) Zn = biwn + Cn + (b'^,z-C) + biwi + biQi{wi,H^{w + Q2{wi))). 
which we shall also write more shortly as 

Zn biQl{'w)+Cn 

where for some slight convenience in the section where it is used, we take Qi to be of the form 
Qii'w) = (6^)-i((5«,i/c(^^' + Q2(^i'i))) + 6^ii'i) +Qi(^^i,^c(w^ + Q2(u;i))). 
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with Qi and Q2 are the same very polynomials occurring in the expression for as in ()9.2p . 
Now, altogether, equations (19. 3p . (|9.4p and (I9.5P give the expressions for the various components 
that constitute the mapping ^^(w). A straightforward computation shows that the derivative 
of the map ^'^{z) in standard co-ordinates, is represented by the matrix 



(9.6) D¥{i 



1 



\ 



— -Ci) 



'0 



dr 



dz 



dr 



SO that in particular, the mapping occurring in the definition of the M-metric namely. 



n 



D^'{z){X) = [Xi,G,{X),^dr/dz,{z)Xj'^ = [Xi,G-,{X),{u{z),X 

j=i 

which ofcourse is linear for each fixed z but also is weighted homogeneous in the variables zi 
through Zn-i, with respect to the weights that we have assigned to the variables z\^ . . . , Zyi , as 
well. The above expression is needed in section [3l We notice in passing that D^'^ for each fixed 
C & U belongs to the linear Lie group SLn = f l n GLn{C) and gives the tangent bundle of the 
if^L-manifold mentioned above, the structure of a fibre bundle with structure group £Ln- 



Next, we record the derivative of the inverse map ^'^ needed in the last sub-section of section [2j 



(9.7) D'^(;{w) 











y bidQi/dwii'w) 



0\ 





hij 



b'idQi/dw2{'w) ... bidQi/dwn-i{'w) 

where we index the rows and columns of the square matrix = of order n — 2 by the 
integers 2, . . . , n — 1 and denote its rows herein by {H(^)i{^. 
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